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Abstract 



This thesis reviews the theory of bundle gerbes and then examines the higher di- 
mensional notion of a bundle 2-gcrbc. The notion of a bundle 2-gerbe connection and 
2-curving are introduced and it is shown that there is a class in i/^(M; Z) associated 
to any bundle 2-gerbe. 
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Chapter 1 
Introduction 



There has been much recent interest in applying the theory of gerbes to differential 
geometry and mathematical physics ([Q and |]13[)- Gerbes were originally in- 
troduced by Giraud (see [|I^) and were extensively studied in 0. Loosely speaking 
a gerbe is a 'sheaf of categories' except that there is an extra level of complication 
when one comes to discuss sheaf-like glueing laws for objects. Much of the importance 
of gerbes in the previously cited applications stems from the fact that equivalence 
classes of gerbes over a manifold M are in a bijective correspondence with H^{M; Z). 
This is entirely similar to the fact that H'^{M; Z) is in a bijective correspondence with 
isomorphism classes of principal bundles on M. 

One can think of bundles and gerbes as a geometric 'realisation' or 'represen- 
tation' of the cohomology of the manifold in dimensions two and three respectively. 
From this perspective it is natural to look for such objects in other dimensions. In 
dimension zero we can consider the set of all maps / : M — >■ Z which are, in fact, 
in bijective correspondence with if*^(M;Z). In dimension one there are various kinds 
of objects we can consider which are in bijective correspondence with if^(M;Z). For 
example we could consider (isomorphism classes of) principal Z bundles over M. Or, 
because the classifying space of Z is we could equally well consider the space of 
homotopy classes of maps from M into C^. A similar story is true for H'^{M] Z): one 
could consider H'^{M; Z) to be the set of all homotopy classes of maps f : M —>■ BC^ , 
where BC^ is the classifying space for the group C^, or, we could think of an element 
of if^(M;Z) corresponding to a homotopy class of maps M — * BC^ as giving rise to 
a principal bundle on M. In the case of H'^{M; Z) we can go one step further and 
think of a principal bundle on M as a principal BZ bundle on M. The crucial fact 



here, as pointed out in is that 5Z, can be chosen to be an abelian topological 
group since Z is. 



This last fact is exploited in the paper [|T8[ by Gajer where the author introduces 



a notion of a principal B^C^ bundle on M and proves that there is a bijection be- 
tween HP+^{M;Z) and the set of all principal Bp^ bundles on M (here Bp^ is 
the p-fold iterated classifying space B ■ ■ ■ BC^ of the group C^). Therefore, when one 
comes to consider H^{M]Z) there are several possibilities: one option is to think of 
H^[M;7j) as the set of all homotopy classes of maps f : M BBC^, another is to 
think of H^{M] Z) as the set of equivalence classes of gerbes on M. Yet another is to 
follow Gajer and think of H^{M] Z) as the set of all principal BC^ bundles on M or, 
alternatively, the set of all principal BBZ bundles on M. 

In the notion of a bundle gerbe was introduced. Bundle gerbes also give rise to 
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classes in H^{M; Z). A bundle gerbe on M is a triple (P, X, M) where it x '■ X ^ M is 
a surjection which locally admits sections and where P is a principal bundle over 
the fibre product X^^l = X XpfX. P is required to have a product, that is a bundle 
isomorphism which on the fibres of P takes the form 

for Xi, X2 and X3 in the same fibre of X. It can be shown that every bundle gerbe on M 
gives rise to a gerbe on M. There is a characteristic class associated to bundle gerbes, 
the Dixmier-Douady class. This is a class in if^(M; Z) which measures the obstruction 
to the bundle gerbe being 'trivial' in a certain sense. 

In the notions of a connective structure on a gerbe and a curving for the con- 
nective structure were introduced. It was shown that one could associate to a gerbe 
equipped with a connective structure and curving a closed integral three form uj on 
M — the three curvature of the curving. In [^], it is shown that by considering a 
connection on P which is compatible with the product above, it is possible to introduce 
the notion of a bundle gerbe connection and a curving for a bundle gerbe connection 
and that, furthermore, a bundle gerbe on M equipped with a bundle gerbe connection 
and curving gives rise to a closed integral three form on M. This three form is a repre- 
sentative of the image of the Dixmier-Douady class of the bundle gerbe in H^{M; R). 
It can be shown that a bundle gerbe connection and curving on a bundle gerbe induces 
a connective structure and curving on the gerbe associated to the bundle gerbe. 

In the series of papers and the authors considered a certain 2- gerbe associated 
to a principal G bundle P M where G was a compact, simple, simply connected Lie 
group. 2-gerbes, introduced in |Q, are higher dimensional analogues of gerbes. Broadly 
speaking, a 2-gerbe on M is a 'sheaf of bicategories' on M. Bicategories, defined in 
are higher dimensional analogues of categories. A bicategory consists of a set of objects 
and for each pair of objects, a category. The objects of this category are then 1-arrows 
of the bicategory and the arrows of the category are 2-arrows of the bicategory. As a 
result, the glueing laws involved in the definition of a sheaf of bicategories become quite 
intricate. One can show that if one considers a certain class of 2-gerbes (2-gerbes bound 
by C^) then one can associate an element of H^{M] Z) to each 2-gerbe and moreover 
it can be shown that if'^(M;Z) is in a bijective correspondence with 'biequivalence' 
classes of 2-gerbes. 



In IjT^ a related object, a bundle 2-gerbe, was introduced. In the latter part of this 



thesis we will study bundle 2-gerbes using a variation of the definition given in |jT^ . A 
bundle 2-gerbe is a quadruple {Q, Y, X, M) where vr : X — > M is a surjection admitting 
local sections and where {Q,Y, X^"^^) is a bundle gerbe on the fibre product X^^l One 
also requires that there is a bundle 2-gerbe product. This consists of a 'product' on Y, 
ie a map which on the fibres of Y takes the form 

• '^(X2,X3) ^ '^(xi,X2) ^ '^{x\,X3)l 

where xi, X2 and are points of X lying in the same fibre. There is also a product on 
Q covering the induced product on y'^l The product on Q is a bundle morphism 
m given fibrewise by 

^ ' ^(y23,J/23) ® ^{yi2,yi2) ^("1(1/23, 1/12), m(l/23'3'l2))' 

This is required to commute with the bundle gerbe product on Q and satisfy a certain 
associativity condition. One can show that there is a valued Cech 3-cocycle gijki 
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representing a class in H'^{M; Z) associated to a bundle 2-gerbe. In it was shown 
that the complex 

fip(M) ^ fif (X) ^ ^]p(x[2]) . . . 

was exact, where 5 : VL^{X^'^^) — > is the differential formed by adding the 

projection maps vr* with an alternating sign (here vr^ : Xt^-^l deletes the i^^ 

factor). By exploiting this fact one can define the notion of a bundle 2-gerbe connection 
and a 2-curving for a bundle 2-gerbe. This leads to a closed integral four form on M 
which is a representative in if^(M;M) for the image, in real cohomology, of the class 
defined by the cocycle gijki- 

Associated to a principal G bundle P — M for G a compact, simple, simply 
connected Lie group, is a bundle 2-gerbe {Q,P,P,M). If one calculates the cocycle 
gijki associated to the bundle 2-gerbe Q then one recovers the result of giving an 
explicit formula for the first Pontryagin class of P. Finally one can also show that 
every bundle 2-gerbe on M gives rise to a 2-gerbe on M. 

In outline then this thesis is as follows: In Chapter Q we review the definitions of 
simplicial spaces and the construction of the universal G bundle EG —>■ BG, we give 
a description of the group law on EG and we discuss some of the results of Gajers 
paper [^. In Chapter |]we begin with some remarks on principal bundles before 



going on to review the definition of a bundle gerbe and some of the main results 



from [Q. We then discuss the notion of stable isomorphism of bundle gerbes and 



the result from ||3^ that the set of all stable isomorphism classes of bundle gerbes 
on M is in a bijective correspondence with H^{M; Z). Next we discuss bundle gerbe 
morphisms and transformations of bundle gerbe morphisms as well as the related notion 
of stable morphisms and stable transformations. Finally we show that the collection 
of all bundle gerbes on M forms a 2-category with bundle gerbe morphisms as 1- 
arrows and transformations as 2-arrows. In Chapter |^ we discuss the singular theory 
of principal bundles in a form which readily generalises to give a singular theory of 
bundle gerbes. Chapter |^ discusses bundle gerbes from a local viewpoint along similar 
lines to the presentation in for gerbes and Deligne cohomology for bundle gerbes. 
Chapter ^ is mostly devoted to a review of the material presented in |]^. We also 
discuss the construction from @] of a gerbe associated to a bundle gerbe. The last 



section of Chapter |^ contains a discussion of higher glueing laws. 

The remainder of the thesis is concerned with 2-gerbes and bundle 2-gerbes. In 
Chapter ^ we define the notions of simplicial bundle gerbe and bundle 2-gerbe. Chap- 
ter I starts with the definitions of a bicategory and bigroupoid and goes on to discuss 
in some detail the homotopy bigroupoid 112 (X) associated to a space X. We also show 
that a bundle 2-gerbe on a point is the same thing as a bicategory in which the auto- 
morphism groups of each 1-arrow are isomorphic to . In Chapter ^ we give some 
examples of bundle 2-gerbes, namely the tautological bundle 2-gerbe from [ffl] and the 



bundle 2-gerbe associated to a principal G bundle P M. In Chapter |1^ we define the 
notions of bundle 2-gerbe connections and 2-curvings for bundle 2-gerbe connections 
and show how a bundle 2-gerbe connection with a 2-curving on a bundle 2-gerbe gives 
rise to a closed, integral four form B on the base manifold M. We also show that bun- 



dle 2-gerbe connections exist, something that is not immediately obvious. Chapter |TT 
begins with the construction of a valued Cech 3-cocycle gijki associated to a bundle 
2-gerbe and then goes on to show how a bundle 2-gerbe equipped with a 2-curving 
and bundle 2-gerbe connection gives rise to a class in the Deligne cohomology group 
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H^(M;C^,j ~^ I^M ~^ I^A/)- a consequence, we see that the four form 9 

represents the image in H^{M; M.) of the class in H^{M] Z) associated to the cocycle 
Qijki- Finally we show the four class of the bundle 2-gerbe Q arising from a principal 
G bundle P — M is the first Pontryagin class of P. 

In Chapter we discuss the notion of a trivial bundle 2-gerbe and prove that if the 
four class in H'^{M; Z) of a bundle 2-gerbe vanishes then the bundle 2-gerbe must be 
trivial. The final Chapter 13 discusses the relationship of bundle 2-gerbes to 2-gerbes. 
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Chapter 2 



Review of some simplicial 
techniques 



2.1 Simplicial spaces 



Recall, see the standard n-simplex A" in M"+^ is defined by A" = {(xq, . . . : 
xq + ■ ■ ■ + Xn = ^} ■ If n > 1 there are face maps 5* : A"^"*^ A" for i = 0, 1, . . . , n 
given by 

) = {xo, ■ ■ ■ 

For the same n we have degeneracy maps cr* : A" — * A""^, i = 0,1, . . . ,n — 1 with 
cr*(a;o, • • • , Xn) = {xq, . . . , Xi-i, Xi + Xj+i, a;j+2, • • • , x„). 



Definition 2.1. A simplicial space X is a sequence {X„} of spaces for n = 

0. 1.2.... together with face operators di : Xn X„_i, i = 0,1, ... ,n for n = 

1, 2, 3, . . . and degeneracy operators Si : X„ Xn+i, i = 0,1, . . . , n for n = 0, 1, 2, . . . 
which together satisfy the simplicial identities 



didj = dj-idi, i < j 

{Sj-idi, i < j 
id, i = j^i = j + 1 
Sjdi_i, i>j + l 

Notice that there is a definition of simplicial manifold, simplicial group, simplicial 
ring and so on; we simply replace the topological category by the smooth category or 
the category of groups and so forth. One then requires that the face and degeneracy 
operators are morphisms in the appropriate category. Thus a simplicial manifold is a 
sequence of manifolds {X„} together with smooth maps d^ : X„ — > X„_i for i = 0, . . . n 
and Si : Xn — ^ X„+i for i = 1, . . .n satisfying the same conditions as in Definition p.l| 
above. Similarly, a simplicial group is a sequence of groups {Gn} with face and degen- 
eracy operators di and Si as above which are required to be homomorphisms between 
the various groups Gn- 
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A more concise definition is given as follows (see or [^). Let A be the category 
whose objects are all finite ordered sets [n] = {0,1, ... ,n} and whose morphisms 
[m] — > [n] are all nondecreasing monotonic functions [m] —>■ [n]. One then restricts 
attention to the morphisms 5* : [n — 1] — * [n] and a' : [n] ^ [n — 1] for i = 0,1, . . . ,n 
given by 

m 

and 



j if j < h 
j + 1 if j > i. 




One can then prove a Lemma which states that every morphism /i : [m] [n] in 
Hom(A) can be written uniquely as 



H = S^'^S'^b . . . S'^'^a^^a^'' ■ ■ ■ a^' 



where n > ia > ib > ■ ■ ■ > ic > ^ and < jx < jy < ■ ■ ■ < jz < fn and n = 
m — z + c. (See for instance |^). Now we can define a simplicial object in the category 



of topological spaces, a simphcial space in other words, as being a functor F : A° C 
where C is the category of topological spaces. Here A° denotes the category opposite 
to A — recall the category C° opposite to C is the category with the same objects 
as C but with the source and target of each arrow in C interchanged. The simplicial 
identities arise because the morphisms 5* and a* satisfy the analogous identities in A. 
Changing C to the category of smooth manifolds or the category of groups recovers the 
definitions of simplicial manifolds and simplicial groups. 

A good source of examples of simplicial spaces is the nerve of a category, (see 



35[|). Let C be a category. We define a simplicial set NC called the nerve of the 
category C as follows. NCq is defined to be the set of objects, Ob{C), of C (so we 
had better only consider small categories), NCi is defined to be the set of arrows or 
morphisms Mor{C) of C and in general NCn is the subset Mor{C) o ■ ■ ■ o Mor{C) of 
Mor{C) X ■ ■ ■ X Mor{C) {n factors) consisting of all ra-tuples (/i, . . . /„) of morphisms 
of C with source{fi) = target{fi^i). The face operators are defined by the source and 
target maps and composition of morphisms while the degeneracy operators are defined 
by including an identity morphism. More specifically, di : NCn — ^ NCn-i for n > 1 is 
defined by 

(/2,--- ,/n) for i = 

diUii ■■■ Jn) = { ifi, ■■■ ,fiO fi+i, ■■■ ,fn) for 1 < i < n 
(/i,--- ,/n-i) for i = n 

and the source and target maps for n = 1. Sj : NCn NCn+i is defined by 

Siifl, ■ ■ ■ , fn) = (/l5 • • • 5/15 id, /j+l, . . . , /n), 

where id is the identity arrow at target{fi) in C. 

We will be especially interested in categories C for which the sets of objects and 
arrows have topologies such that the source and target maps and the operation of 
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composition of arrows are continuous in these topologies. Segal in calls these 
topological categories. Segal shows that there is a topological category Xk associated 
to a covering U = {f/j}jg/ of a topological space X (see [0). The objects of Xk consist 
of pairs (x, f/j) where x &Ui. There is a unique morphism {x, Ui) {y, Uj) if and only 
if X = y E Uij = Ui O Uj. The objects of Xk are topologised as Oh^Xu) = Uie/ ^« 
and the arrows of X^ are topologised as Arr^Xu) = Uj je/ u. -^td Clearly Xk is an 
example of a topological category. 

Of more interest are the two topological categories G and G defined by Segal which 
are associated to a topological group G. Here G is the standard category associated 
to a group, so G has one object and the morphisms of G are just the set of points of 
G. Clearly G is a topological category. Thus the nerve of the topological category G is 
the simplicial space NG with NGn = G x ■ ■ ■ x G {n factors) and face and degeneracy 
operators given by 

{(fl'2, • • • ,gn), i = 

[gi, . . . ,gigi+i, . ..gn), l<i <n 
{gu ■ ■ ■ ,5'n-i), i = n, 

and 

Si{gi, . . . ,gn) = {gi, - ■ ■ ,gi,i, gi+i, ■■■ ,gn)- 

G is the topological category whose objects are the points of G and where the unique 
arrow joining two objects gi and g2 is {gi, (72)- Thus the objects have a topology induced 
by G and the arrows have a topology induced hj G x G. Therefore the nerve of the 
topological category G is the simplicial space NG with NGn = Gx---xG{n + l 
factors). The face and degeneracy operators are given by 

di{go, ■ ■ ■ ,gn) = {go, ■ ■ ■ , gi-i,gi+i, ■ ■ ■ , gn) 

and 

Si{go, ■■■ ,gn) = {go, ■■■ ,gi, gi, gi+i, ■■■ ,gn)- 

We shall return to these examples in the next section. Finally, we would like to define 
the notion of a simplicial map between simplicial spaces. 

Definition 2.2. Let X and Y be simplicial spaces. A simplicial map f : X ^ Y 
is a sequence of maps fn '■ X^ K„ which commute with the face and degeneracy 
operators. Thus if (ij, Sj and d^, s\ denote the face and degeneracy operators of X^ and 
Yn respectively, then we have 

fn-\ odi = d'i o 

and 

fn+l O Si = S - O /„. 

If we view simplicial spaces, simplicial groups and so on as functors F : A° ^ C 
for an appropriate choice of the category C, then a simplicial map corresponds to a 
natural transformation between functors. More concretely, if Fi, F2 : A° — > C represent 
simplicial objects in some category C, then a simplicial map from Fi to F2 is a natural 
transformation t : Fi ^ F2. The definition above can be recovered by recalling that 
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a natural transformation (p : F = 
object c of C an arrow 0(c) : F(c) 



G between functors F,G : C ^ T) assigns to each 
G{c) in V such that the diagram 



F(ci)^F(c2) 



G'(ci) — G(C2) 

commutes for all arrows a : Ci — C2 in C. Thus to each object [n] of A°, r associates 
an arrow Tn : -Fi([n]) F2{[n\), which, by the commutativity of the diagram above, 
must commute with the face and degeneracy maps -^2(5*) and ^2(0"*). 

Notice that a functor F : Ci ^ C2 induces a simplicial map NF : NCi NC2 
between simplicial sets by definition of a functor. If Ci and C2 are topological categories 
then we of course require that the maps on objects and arrows induced by F are 
continuous. As an example, take the topological categories G and G associated to a 
topological group G. Then we can define a functor p : G ^ G hj defining p{gi,g2) = 
9i^92- It is easy to check that this defines a continuous functor and hence a map of 
simplicial spaces Np : NG NG. 



2.2 Geometric realisation 

There is a procedure by which one can obtain a single topological space from a simplicial 
space known as geometric realisation. 

Definition 2.3. Let X be a simplicial space. The geometric realisation of X, denoted 
\X\, is the quotient 

]jA"xX„/~, 

where ~ is the equivalence relation ((5*(t),x) ~ {t,di{x)) for t G A*^"^, x G X„ and 
i = 0, 1, . . . , n, n = 1, 2, . . . and (cr'(t), x) ~ (t, Sj(x)) for t G A", x G i = 

0, 1, . . . ,n and n = 0, 1, 2, . . . . |X| is made into a topological space in the following 
way as explained in |Q. Let -Fql^l denote the image of Y['i=o A* x in |X| and give 
Fq|X| the quotient topology. Then is a closed subset of Fq+i|X| and |X| is given 

the topology of the union of the -Fg|X|. 

We remark that there is another realisation associated to a simplicial space X called 
the fat realisation of X and denoted ||X||. ||X|| is formed from the same disjoint 
union ]J A*^ x X„ as |X| but the equivalence relation ~ now only identifies x) ~ 

{t,di{x)). See for a comparison of the two methods of realisation. In particular, 
Segal proves that under certain conditions on the degeneracy operators of a simplicial 
space X, there is a homotopy equivalence ||X|| ~ |X|. If X is a simplicial manifold, 
then it is sufficient that the degeneracy operators Si embed Xn-i as a submanifold of 
Xn, see 0. 

Also note that a simplicial map f : X ^ Y between simplicial spaces X and Y 
induces a map |/| : |X| \Y\ on the geometric realisations of X and Y. 

We now examine the effect of realisation on our examples so far. Let EG = 
\NG\ and BG = \NG\. EG is then the space consisting of all equivalence classes 
|(a;o,... ,Xp){go,... ,gp)\ with {xq, . . . ,Xp) G A^ and gi ^ G under the appropriate 
equivalence relations. These are 
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((0, xo, . . . , Xp-i), {go, ... ,gp)) ((xq, . . . , {{gi, ... , gp)) 

((xo, . . . , Xp_i, 0), {go, ... ,gpj) ((xq, . . . , Xp_i), {go, ... , gp-i)) 

{{xo, . . . ,Xi_i,0,Xj, . . . ,Xp_i), {go, ... ,gp)) ^ {{xo, ■ ■ ■ ,Xp^i), {go, ... ,gi,... ,gp)) 

{{xo, . . . ,Xi-i,Xi + Xi+i,Xi+2, ■ ■ ■ ,Xp), {go, . . . ,gp)) ~ 

((xo, ... , Xp), {go, ... , gi-i, gi, gi,... , gp)) 

BG is then the space consisting of all equivalence classes 

|(xo, . . . ,Xp), [gi, ... ,gp]\ 

with the equivalence relations given by 



((0, Xo, . . . , Xp_i), [gi,. . . ,gp]) ((xq, . . . , Xp_i), [g2, ... ,gp]) 

{{xo, ... , Xp_i, 0), [gi, ... ,gp]) ^ ((xq, ... ,Xp), [gi, ... , gp_i\) 

{{xo, ... , Xi-i, 0, Xi, . . . , Xp-i), [gi, . . . , ~ ((xo, ... ,Xp), [gi, ... , gi-igi, ... ,gp]) 

((xo, ... ,Xi_i,Xi + Xi+i,Xi+2, ... ,Xp),[gi,... ,gp-i]) ~ 

((xo, ... ,Xp), [gi, ... , gi^i, l,gi,... , gp-i]) 

These coordinates are called the homogenous coordinates on EG and BG. Recall the 
simplicial map Np : NG —>■ NG defined above. Np induces a map, also denoted p, on 
geometric realisations p : EG BG. This map is given in the homogenous coordinates 
by 

p{\{xo,... ,Xp),{go,... ,gp)\) = \{xo, . . . ,Xp),[gQ^gi, . . . ,gp\gp]\. 

We will come back to this later. 

Of particular interest to us is the following fact: the geometric realisation of a 
simplicial group is a group. For a proof of this see It is not hard to see that the 
simplicial space NG is a simplicial group while NG is a simplicial group if and only if 
G is abelian. Thus we have the following result (see 



Proposition 2.1 ( [|36|| ) . EG is a group and contains G as a closed subgroup. 

To make sense of the group structure on EG it is convenient to introduce new 
coordinates — the so-called non-homogenous coordinates — (see [|TB[). If (xq, . . . , Xp) G 

then let tj = xq + ■ ■ ■ + Xj_i for i = 1, . . . ,p. Then < ti < ■ ■ ■ < tp < 1. An 
equivalence class |(xo, . . . ,Xp), {go, ... ,gp)\ in EG is written in the non-homogenous 
coordinates as \ti, . . . ,tp, ho[hi \ ■ ■ ■ \ hp\\ where we have set ho = go, hi = g~\gi, i>l. 

Given an element ^ of EG written in the non-homogenous coordinates as ^ = 

... ,tp, ho[hi \ ■ ■ ■ |/ip]| we may recover the description of ^ in the homogenous coor- 
dinates by setting Xj = tj+i — tj (define to = and tp+i = 1), go = ho, gi = hohi, 
92 = hohih2, etc. Then ^ = |(xo, . . . ,Xp), {go, . . . ,gp)\. When we use non-homogenous 
coordinates on EG the equivalence relations above take the following form (see ||18||). 

(0,ti,... ,tp_i,ho[hi\ - ■ -Ihp]) ~ (ti,... ,tp.i,hohi[h2\ - --Ihp]) 

{ti, ... ,ti,. . . ,tp,ho[hi\ - ■ ■ \hp]) ~ {ti, ... ,tp, ho[hi\ ■ ■ ■ \hi\l\hi^i\ ■ ■ ■ \hp]) 

{ti, . . . , ti-i,t,i, ti, . . . , tp_i, ho[hi \ ■ ■ ■ \ h,^) ~ 

{ti, . . . , tp_i, /io[/ii| ■ ■ ■ \hihi+i\ ■ ■ ■ \hp]) 
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Similarly an element a E BG is expressed in the non-homogenous coordinates as a = 
\ti, ... ,tp, [hi\ ■ ■ ■ \hp]\ where ti and are as above. The above equivalence relations 
then take the form (see [ITH]) 



{ti, . . . , tp, [/ill 




tp, [h2\ ■ ■ ■ \hp]) for ti = or /ii = 1 

ii,... ,tp, [hi\-- ■ \hihi+i \ ■ ■ ■ \hp]) for U = U+i or hi = 1 



• • ,tp-i, [/ill ■ ■ ■ \hp-i]) for tp = 1 or hp = 1. 

The map p : EG BG is expressed in the non-homogenous coordinates as 
\ti,... ,tp,ho[hi\- ■ - Ihp]] \ti,... ,tp, [hi\---\hp]\ 
We can now write down the group law on EG. We have 

|ti, ... ,tp, holhil ■ ■ ■ \hp\\ ■ |tp+i, • • ■ , tp^q, h^lhp^il ■ ■ ■ \hp^q\\ 

= |^ct(1),--- ,^cr(p+g), /i0^o[^<T{l)l ■ ■ ■ l^cr(p+g)]|) (2-1) 



where 



k 



_ /ia{r)if cr{r) > p 



Here Sr = {i < r : a{i) > p} and where a G Sp+g is the permutation on p + g letters 
such that 

< t(T{l) < ■ ■ ■ < ta{p+q) < 1- 

One can check that this is well defined. It is worth mentioning that Segal gives a 
much more elegant description of this group law in ||5^. Segal takes the viewpoint 
that one may regard EG as the space of step functions on [0, 1] with values in G, ie 
a G valued function constant on each half open interval (tj,tj+i] for some partition 
= to < ^1 < ■ ■ ■ < < tp+i = 1 of [0, 1]. The group law on EG is then the pointwise 
multiplication of these step functions. 

The unit of EG is the obvious one and an element ^ = \ti, ... ,tp, /io[/ii| ■ ■ ■ \hp] \ has 
inverse given by 

^ = |tl, . . . , tp, /ig [^1 I ■ ■ ■ l^p] I' 

where 

ki = hohi ■ ■ ■ hp^ihp ^hp\ ■ ■ ■ h^ ^h^ ^. 

It is worth noting that there is a method of calculating the cohomology of the geo- 
metric realisation |X| of a simplicial space X, at least in the case where the homotopy 
equivalence ||X|| ^ |X| is available, from the following theorem. 

Theorem 2.1. Let X be a simplicial space. Then there is an isomorphism 

H'{\\X\\;R) = H'{S'''{X);R), 

where H'{S*'*{X);M.) denotes the total cohomology of the double complex S^''^{X) = 
S'^{Xp;'R) with boundary operators d and 6. Here d is the singular coboundary operator 
and S : S'^{Xp;'R) — >■ S''^(Xp+i;M) is the simplicial coboundary formed by adding the 
pullback face operators d* with an alternating sign. 

For a proof see either [|l^, or f^. As explained in both of these papers, the singular 
functor 5* can be replaced by the de Rham functor ^2 in the above theorem if X is a 
simplicial manifold. 
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2.3 Classifying spaces 



Recall |]23| that a topological principal G bundle for G a topological group is defined 
as follows. 

Definition 2.4 ( ||23|| ). A topological principal G -bundle is a triple {7t,P,M) where P 
and M are topological spaces such that 

1 . There is an effective action of G on the right of P (effective means that p ■ g = p 
implies g = 1). 

2. TT : P ^ M is a surjection whose fibres are the orbits of the G-action on P. 

3. Let P[2] = p 

X]\f P denote the fibre product of P with itself. Then the natural 
map r : P^^^ ^ G is continuous. We say that the action of G on P is strongly 
free. 

4. There exist local sections of vr, ie there is an open cover U = {f/jjie/ of M together 
with sections Si : Ui —>■ P of tt. 

Recall, see for example |2^, that one way of defining a universal G bundle is to say 
that it is a principal G bundle whose total space is contractible. The base space of such 
a bundle is called a classifying space and is unique up to homotopy equivalence. The 
classifying space has the property that isomorphism classes of topological principal G 
bundles are in a bijective correspondence with homotopy classes of maps from M into 
the classifying space. A choice of representative / of the homotopy class corresponding 
to the bundle P has the property that the puUback of the universal G bundle by / is 
isomorphic to P. 

It is not to difficult to see that the space EG constructed above is contractible with 
contracting homotopy 

ht{\{xo,... ,Xp),{gi,... ,gp)\) = |(1 - t, txo, . . . ,tXp), {1, gi, . . . ,gp)\, 



as given in |T^. Since G is a subgroup of EG, there is a right action of G on EG. By 



the formula |2.1| above, we have that the right action of G on EG is given by 

\ti,... ,tp,ho[hi\- ■ - Ihp]] ■g= \ti,... ,tp,hog[hi\- ■ - Ikp]]. 

Clearly p is invariant under this right action of G. 

In [^, it is shown that p : EG BG has local sections, provided that G is a 
locally contractible group, and so p : EG — > BG is a principal G bundle and therefore 
a universal G bundle. We shall list some properties of EG and BG for G abelian in 
the next section. 



2.4 B^C^ bundles 

In this section we are interested in some properties of EG and BG for G = C^. 
Because is abelian, both E€,^ and PC^ are groups — in fact they are abelian 



groups. The formula of equation 2.1 now takes a particularly simple form. We have 
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for ... ,tp, zq[zi\ ■ ■ ■ \zp\\ and . . . , tp+g, -Zgl-^p+il ■ ■ ■ elements of EC^ the 

following formula for their product (see 



\ti, ... ,tp, zq[zi\ ■ ■ ■ \zp]\ ■ . . . , ip+g, 2;o[^p+i| ■ ■ ■ kp+g]l 
where a G Sp^g is a permutation on p + g letters such that 

< t(T(l) < ■ ■ ■ < ta{p+q) < 1. 

The group law on BC^ is given as follows (see [0). If l^i, • • ■ , ■ ■ ■ |zp] | and 
. . . , tp^q[zp^i \ ■ ■ ■ \zp+q]\ are elements of BC^ then their product is given by 

. . . , tp[Zi\ ■ ■ ■ \Zp]\ ■ |tp+l, . . . , ■ ■ ■ l^^p+gjl 

= |to-(l), . . . , tcr(p+q) [2;o-(l) I ■ ■ ■ |Zo-(p+g)]|, 

where a is as above. Clearly the projection p : EC^ BC^ is now a group homomor- 
phism. In fact there is a short exact sequence of groups 

1 ^ ^ EC" ^ 1. 

This is a generalisation of the exponential short exact sequence 

Since BC^ is now an abelian topological group, we can iterate the classifying space 
construction to form the abelian topological group BBC^ = B'^C^ and in general 
B ■ ■ ■ BC^ = B'^C^ . Again we have the iterated exponential short exact sequence 

1 ^ ^pc^ ^ EBPC" BP+^C" 1. 

In ||18[, Gajer develops a theory of smooth principal B^C^ bundles. To do this he 
introduces a differentiable space structure on EB^C^ and B^C^ and defines the notion 
of a smooth (in this differentiable space sense) B^C^ bundle. It is important to note 
that this differentiable space structure is not the same as a differentiable structure on 
a smooth manifold. Indeed, this differentiable space structure on a Hausdorff space M 
is defined in |]16[ (see also ||32[) by requiring that there is a family of continuous maps 



7 : [/ — > M called plots, each of whose domain is a convex set in some Euclidean space 
(the dimension of which need not be fixed), which satisfy 

• if 7 : [/ — s> M is a plot, V a convex set and 6 : V U a smooth map, then 
■y o 6 : V M is also a plot, 

• every constant map from a convex set into M is also a plot, 

• if f/ is a convex set and {f/jjjg/ is a covering of U by convex sets Ui each of which 
is open in U, and 7 : f/ — >^ M is a map such that each restriction 7j = 7|{/. is a 
plot, then 7 is also a plot. 
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Clearly every smooth manifold has a differentiable space structure, but not every Haus- 
dorff space with a differentiable space structure is a smooth manifold. 

Gajer then goes on to show how every B^C^ bundle is induced by pullback from 
the universal bundle EBp^ Bp+^C and shows that there is an bijection 

between isomorphism classes of BpC^ bundles and if^+^(M;Z). For us the most 
important thing about all of this is that B'^C^ provides us with an explicit realisation of 
an Eilenberg-Maclane space K{Z, 3). We see this as follows. From the exact homotopy 
sequence of the fibering E^C^ ^ EBpC" fif+^C^ and the contractibility of EBpC" 
we get TTqiBP+^C'') = 7rq_i(5PC^). Hence by induction we get 7rg(5PC^) = 7rg_p(C^) 
if q > p and 7Tq{BPC^) = if q < p. Hence 



So BPC^ is a K{Z,p + 1). A theorem of algebraic topology asserts that for a given 
space M and a cohomology class uj G H^{M\'L) there is a map f : M ^ 3), 
unique up to homotopy, such that u is the pullback f*L of the fundamental class 
L E H^{K{Z;3);Z) = Z (see for example H). Thus every class to E H^{M;Z) is the 
pullback of the generator of H^{B'^C^] Z) by some map M B'^C^ which is unique 
up to homotopy. 
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Chapter 3 

Review of bundle gerbes 



3.1 Properties of bundles 

Let G_i^ denotes the sheaf of smooth G valued functions on M for G an abehan Lie 
group. For the definitions and basic properties of sheaves see Chapter 1 of Bryhnski's 
book 0. For us, it is sufficient to know that a sheaf iS of abehan groups on a manifold 
M gives rise to sheaf cohomology groups H\M;S) for z = 0, 1, . . . and that given an 
exact sequence of sheaves of abelian groups 

on M, there is a long exact sequence of sheaf cohomology groups 

■■■ ^ H'^iM-^A) ^ H^'iM-^B) ^ H''{M;C) ^ H''+\M;A) ^ ■■■ 

The homomorphism 6 : H"{M;C_) — » H^^^{M; A) is called the connecting homomor- 
phism. In |]^ [Corollary 1.1.9], Brylinski proves that the sequence of sheaves of abelian 
groups on M, 

is exact. Hence there is a long exact sequence in sheaf cohomology 

• • • if"(M; Z^,) ^ H-iM;Cj,,) //"(M; C^,) ^ H"+\M;Zj,,) ■ ■ ■ (3.1) 

In Chapter 1 of his book 0, Brylinski defines the notion of a soft sheaf of abelian 
groups and proves that the sheaf cohomology groups associated to a soft sheaf are all 
zero. It is a fact that is a soft sheaf. Since the sequence of sheaf cohomology 
groups |3Tl| is exact, we have in particular that H^{M;C^j) = H'^{M;Zj^,j), the iso- 
morphism being provided by the connecting homomorphism 6. Brylinski in 0] proves 
that if M is a paracompact manifold, as we will always assume, then Cech coho- 
mology is canonically isomorphic to sheaf cohomology. Thus we have isomorphisms 
H\M;CIj) ^ H\M;Cl^) and H^{M;Zj^) = H^{M;Zm)- Finally, it is shown in 
[|] that the Cech cohomology groups if"(M; Z^j) and the singular cohomology groups 
i7"(M; Z) coincide. Thus we have an isomorphism H^{M;Clj) = H'^{M] Z). 

Recall that there are several ways of characterising principal bundles. One such 
way is to describe a bundle P ^ M by its transition functions Qij : Uij —>■ 
relative to some open cover U = {f/jjjg/ of M. These transition functions are then 
representatives of a class in the Cech cohomology group H^{M;C^). By the above 
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discussion, the transition functions Qij define a class in H'^{M\'L). This is the Chern 
class of the bundle P. It is a standard fact, see ||2^, that given smooth maps 
Qij : Uij ^ satisfying the cocycle condition gjkdik^gij = 1? one can construct a 
bundle P ^ M with Chern class represented by Qij in H^{M;C^,j). 

If Pi and P2 are two bundles on M described by transition functions gtj : 
Uij — i> and hij : Uij —* respectively, where the transition functions are both 
defined relative to the same cover U = {f/jjie/ of M, then we can form a bundle 
with transition functions equal to Qijhij. The reason this is possible is because is 
abelian. The resulting bundle we call the contracted product of Pi and P2 and denote 
by Pi ®P2- Another way of constructing this bundle, see [[^[Chapter 2], is to first form 
the fibre product Pi x m P2 and then factor out by the subgroup of x consisting 
of all pairs {z, z~^) for z G C^. The resulting bundle is Pi ® P2 and one can check 
that Pi P2 has transition functions Qijhij. 

Given a bundle P —>■ M with transition functions Qij then we can construct a 

bundle P* ^ M with transition functions g~j^. Again the reason this is possible is 
because is a commutative group. This bundle is easily seen to be the one obtained 
from P by changing the action of on P to its inverse, that is the bundle 
associated to P via the isomorphism C^, z 1— > z~^. Notice that if we have a 

bundle P on M, then the bundle P ® P* is canonically trivial (look at the 
transition functions). 

It is often more convenient to work with complex line bundles than with princi- 
pal bundles. Given a principal bundle P — > M we may form a complex line bundle 
Lp on M by the associated bundle construction. Recall, see [^, that Lp is formed 
from the product P x C by factoring out by the equivalence relation ~ defined by 
{p, u) ~ (g, v) if and only if there is a z G such that q = p ■ z and v = uz~^ . Con- 
versely, given a complex line bundle L on M we can form a principal bundle on M 
by forming the frame bundle associated to L (see p6|)- This correspondence gives an 
equivalence of categories between the category of principal bundles on M and the 
category of complex line bundles on M, see [Chapter 2] . Under this correspondence, 
the operation of contracted product on principal bundles becomes the operation 
of tensor product on complex line bundles while the 'inverse' of a principal bundle 
corresponds to taking the dual of the associated complex line bundle. 



Recall, see for example [^, that the pullback of a bundle tt : P ^ A/ by a 
smooth map f : N —>■ M is the bundle /"^vr : f~^P N where f~^P is the 
submanifold of N x P consisting of all pairs {n,p) such that f{n) = tt{p). Every 
bundle P on M is induced by pullback from the universal bundle E'C^ BC^ with 
a map g : M ^ BC^ , the classifying map of P. This classifying map g is unique up 
to homotopy. If P has transition functions gij : Uij — > relative to some open cover 
U = {Ui}ii^i of M, then a choice of the classifying map g : M ^ BC^ is given by 

g(m) = 101 (m),... ,0p(m), [^ioi,(m)| ■■ ■ (3.2) 

see for example Here (pnijn) = i'ioi^) + ■ — l"'^i„("^)) where {4'i}iei is a partition 
of unity subordinated to the cover U. We have the following proposition. 

Proposition 3.1. Let P and Q be principal bundles on a smooth manifold M. 
Suppose that P has a classifying map f : M ^ BC^ and that Q has a classifying map 
g : M ^ BC^ . Then the contracted product P®Q has a choice of classifying map given 
by f ■ g : M ^ BC^ and P* has a choice of classifying map given by f~^ : M —>■ BC^ . 
Here f~^ means the map invo where inv : PC^ — > PC^ is the map ^ ^ . 
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Proof. First of all, choose an open covering U = {f/j}ig/ of M such that P and Q have 
transition functions gij : Uij —>■ and hij : Uij respectively, both relative to 

the same open cover U. Then, as we have already seen, choices for / and g are given 

by 

/(m) = |0i(m),... ,0p(m),[^i„i,(m)|---|^i^„,i^(m)]|, 

and 

g(m) = |0i(m),... , (f)p{m),[hi,,i,{m) \ ■ ■ ■ \ hi^_^i^{m)]\, 

where the 0„ are defined as above. If one performs the calculation, using the group 
law in the abelian group BC^ given in Section |2.4| , then one finds that 

f{m)g{m) = |0i(m),... ,(f)p{m),[gi^i^{m)higi^{m)\ ■ ■ ■ \gi^_^i^{m)h,^_,i^{m)]\. 

But this is precisely the classifying map we would have obtained for P ® Q using the 
recipe of equation p.2| . The other statement of the proposition is proved similarly. □ 

Recall, see [^, that one way of defining a connection on a principal bundle 
P ^ M is to specify a family of one forms {uJi}i^i with uji G Q}{Ui), for some open 
cover U = {Ui}i(zj of M relative to which P has transition functions gij : Uij C^, 
and to require the uJi to satisfy 

, dgij 
9ij 

on each overlap Uij = U (1 Uj. A connection on a complex line bundle L — >■ M is a 
linear map V : r(M, L) r{M,T*M L) which satisfies the Liebniz rule V(/s) = 
df0s + /V(s) for all s G r(M, L) and all / G C°°(M, C). If Li and L2 are complex 
line bundles on M with connections Vi and V2 respectively, then the tensor product 
bundle Li (g) L2 has a connection Vi + V2 defined by (see [0 [Chapter 2]) 

(Vl + V2)(S1 ® S2) = Vl(Si) ® S2 + Si ® V2(S2). 

Recall also that if V is a connection on a complex line bundle L on M, then given any 
complex valued one form A on M, we can define a new connection V + A on L by 

{V + A){s) = V{s) + A^s 

for a section s of L. Connections on complex line bundles are easier to get a handle 
on than connections on principal bundles and so in most calculations we will work 
with connections on complex line bundles. This is justified by Proposition 2.2.5 of |^. 

Let P M be a C bundle, and let / : M and g : O ^ N he smooth 

maps. There is a canonical natural isomorphism (ff^g : (/ o g)~^P g^^f~^P, where 
by natural we mean natural with respect to isomorphisms ip '■ Pi ^ ^2- It has the 
property that if Vl is a connection on the associated line bundle L = Lp over M, then 

where (pf^g denotes the isomorphism of line bundles induced by ^Pf^g- This means that 
we can freely identify (/ o g)^^P = g^^f^^P for any calculations. 
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3.2 Bundle gerbes and the Dixmier-Douady class 



Suppose y M is a surjection admitting local sections. We form the fibre product 

Y Xm Y = y in the usual way. That is, y is the set consisting of all pairs 
(^1,^/2) eYxY such that n^yi) = 7r(|/2). We denote by F'^l the triple fibre product 

Y Y X ]\,fY and in general we put 1^^^^ equal to the p-fold fibre product Y X]\.j- ■ -Xj^^j Y. 
Notice that we have projection maps vTj : 

^ yb-i] for z = 1, . . . ,p, obtained by 
omitting the i*^^ factor. It is easy to see that in fact we have a simplicial space Y = {Yp} 
with Yp = and the obvious face and degeneracy operators. 



Definition 3.1 ( ||33|| ) . A bundle gerbe consists of a triple of manifolds (P, X, M) with 
a surjection vr : X — > M admitting local sections and a C^-bundle P X^'^\ such that 
P has a product; that is an isomorphism of C^-bundles m : 

over covering the identity and such that the following diagram of bundle 

isomorphisms over commutes: 

Tl2^n-^P ® 7l-\7l-^P ® TT-^P) — 7r^\n^^P ® VTg-^P) ® VTg ^P 



-^"f ip ® n^\2^P vrf V^^P ® TTg- ^P 



TTo TT 



Here we have used the remarks made at the end of Section p.l| and the simplicial 
identities satisfied by the vTj. This last condition gives an 'associativity' constraint on 
the product m, in the sense that we have m{u ® m{v w)) = m{m{u v) w) for 
u e P{x3,xi), V e P{x2,x3) and w G P(xi,x2), where (xi, X2, X3, X4) G X^. 

We will sometimes denote a bundle gerbe (P, X, M) by a single letter P. A bundle 
gerbe is typically depicted as in the diagram below. 

P 
i 

y[2] ^ y 

i TT 
M 

We will need the definition of a simplicial line bundle — see [§. 

Definition 3.2 (J^). Let X = {Xp} be a simplicial manifold. Let L be a line bundle 
on Xp. Denote by S{L) the line bundle 

d^^L (g) d^^L* (g) d^^L (g) • • • 

on Xp+i, where the last factor in the above tensor product line bundle is d~^iL if p 
is even and dp^^L* if p is odd or zero, where di : Xp^i Xp are the face operators. 
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Notice that the hne bundle 66{L) on Xp^2 is canonically triviaL This is a result of the 
commutation relations satisfied by the di which allow us to contract off pairs of line 
bundles in the tensor product 66{L). Clearly 6 gives rise to a functor from the category 
of line bundles on Xp to the category of line bundles on Xp+i. If s is a section of L, 
then it induces a section 6{s) of 6{L) defined by 

cIq^s ® d^^s* ® d2^s ■ ■ ■ 

where, as above, the last factor in this induced section is d~liS if p is even and d~liS* 
if p is odd or zero. A simplicial line bundle on X consists of a line bundle L on 
Xi, together with a non- vanishing section s of S{L) on X2 such that 6{s) equals the 
canonical non-vanishing section 1 of 66{L) on X3. 

It is easy to see that the bundle gerbe product mp on a bundle gerbe {P,X,M) 
forces the bundle 

to be trivial, and indeed one can define a section s of this bundle as follows. Choose 
u G P{x2,xs) and v G P(xux2), then mp{u ® f ) G P(zi,x3)- We put 

s{xi, X2, X3) = M ® mp{u ® v)* ® V. 

One can check that this is well defined and one can also show that the associativity of 
mp is equivalent to the following condition on s: 

It follows that the bundle gerbe P can be viewed as a simplicial line bundle on the 
simplicial manifold X = {Xp} with Xp = X^~^^^. Simplicial line bundles on the 
simplicial manifold NG associated to the classifying space of a Lie group G take a 
particularly simple form. We have the following result. 

Proposition 3.2 ([§]). A simplicial line bundle on the simplicial manifold NG is a 
central extension of G by . 



Recall from |Q that a bundle gerbe (P, X, M) has two important algebraic struc- 
tures; an identity and an inverse. The identity is a section e of the pullback bundle 
A~^P over X, where A : X — > is the inclusion of the diagonal. The inverse is an 
isomorphism given fibrewise by P(xi,x2) ~^ P(x2,xi) and denoted p ^— p~^. The identity 
section and inverse satisfy the properties one would expect; for instance mp{j)®e) = p 
and mp{p (g) p~^) = e. 

It is useful sometimes, particularly when we discuss bundle gerbe connections and 
curvature, to have a slightly different formulation of the definition of a bundle gerbe 
(see [|r^). In Definition above we replace the bundle P by a line bundle 

L. We then require that there is a line bundle isomorphism uil : n^^ L0n^^ L t^2^L. 
The product on L defined by is then required to be associative in the sense described 
above. The two definitions are easily seen to be equivalent. 

Example 3.1. The basic example of a bundle gerbe is the tautological bundle gerbe (see 
Q and also |]l4l)- Let M be a smooth manifold with a base point tuq and suppose 
a; is a closed, integral three form on M. Assume that M is 2-connected. Form the 
path fibration vr : VM M, where VM is the path space of M so VM consists 
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of all piecewise smooth paths 7 : [0, 1] — > M with 7(0) = mo- The projection vr is 
given by 71(7) = 7(1). The fibre product PiVfl^l consists of all pairs of paths (71,72) in 
VM which have the same endpoint. There is an identification of PM'^l with fiM, the 
based, piecewise smooth loop space of M, which is given by sending a pair of paths 
(7i)72) to the loop obtained by going along 71 at double speed and then going along 
the path 72 at double speed but in the reverse direction. Define a closed integral two 
form F on PM'^^ = VlM by pulling back uj to VtM x [0, 1] via the evaluation map 
ev : VtM x [0, 1] ^ M and integrating out [0, 1]. Here the evaluation map ev is defined 
by ev(7,t) = 7(t) for 7 G fiM and t G [0,1]. We have tiq{VM^'^^) = 7ro(fiM) = 
7ri(M) = 0. Note also that PM'^l is simply connected. We would like to construct 
the tautological bundle on PM'^l with Chern class F. So let (71,72) be a point 
in PM^^l. A path from (mo, mo) to (71,72) is the same thing as a piecewise smooth 
homotopy /i : [0, 1] x [0, 1] ^ M with endpoints fixed from 71 to 72. This means fi 
satisfies /x(0,t) = 71 (t), /i(l,t) = 72(i), /^(s, 0) = mo and /i(s, 1) = 71(1) = 72(1). 
Introduce an equivalence relation ~ on the space V{VM^'^^) x C^, where we identify 
paths in with homotopies /i as above, by saying (yU, z) is equivalent to (/i', w) if 

and only if, for all piecewise smooth homotopies H : [0, 1] x [0, 1] x [0, 1] ^ M with 
endpoints fixed between /i and /i' we have 

w = 2;exp( / H*uj). 

The homotopy H is required to satisfy H{0, s, t) = fi{s, t), H{1, s, t) = /i'(s, t), and for 
each fixed r, the map (s, t) h-* H{r, s, t) is a piecewise smooth homotopy with endpoints 
fixed between 71 and 72. We let 

Q= (P(PM[21) X C^)/~ . 

Q is a bundle over PM'^'. The triple {Q,VM, M) defines a bundle gerbe with 
bundle gerbe product given by 

[fi, z] ® [l/, w]^ [jJiO u, zw] 

where the square brackets denote equivalence classes and where is a piecewise smooth 
homotopy with endpoints fixed between paths 72 and 73, u is Sl piecewise smooth 
homotopy with endpoints fixed between paths 71 and 72, and where o z/ denotes the 
piecewise smooth homotopy given by 



(/i o z/)(s,t) 



z/(2s,t),sG [0,1/2], 
/i(2s-l,t),sG [1/2,1]. 



The proof that this is well defined and associative can be found in [|T4|. 

A particularly important example of this construction is when M is G, a simple, 
simply connected compact Lie group. In this case we can identify PG^^' with the group 
of based, piecewise smooth loops in G, f2G, by taking a pair of paths (71,72) in 
and forming the loop 72 o 7^, by which we mean the loop which follows 71 at double 
speed and then follows the path 72 from its endpoint to its start point at double speed. 
We can also identify the bundle Q QG with the Kac-Moody group QG which 
forms part of the central extension of the loop group QG —>■ QG. This is an 

example of the following general method of constructing bundle gerbes from central 
extensions. 
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Example 3.2. A frequently occurring example of a bundle gerbe is the so-called lifting 
bundle gerbe associated to a principal G bundle tt : P M where G is a Lie group 
with a central extension 

^ G ^ G. 

The lifting bundle gerbe is then formed by pulling back the bundle G to P'^' via 
the natural map r : — G defined by P2 = Pi ■ t(pi,P2) for pi and p2 in the same 
fibre of P. If we let this bundle be P then it is easy to see that the triple (P, P, M) is 



a bundle gerbe. For more details see ||33 |. 



Various operations are possible with bundle gerbes. For example, given a map 
f : N —>■ M we can puUback a bundle gerbe P = (P, X, M) to obtain a new bundle 
gerbe f~^P = (/"^P, f-^X, N) called the pullback of P by /. Thus f-^X is the 
manifold obtained by pulling back tc : X —>■ M with / as shown in the diagram below. 



/-IX ^ 



Xtt 



N 

Then f-^P is the pullback of P ^ X^l by the map pl. Clearly f-^P 

inherits a bundle gerbe product from P. Suppose we have a second map g : O ^ N. 
Then we have two bundle gerbes g~^f^^P and (/ o g)~^P over O. We will make the 
convention once and for all that these two bundle gerbes are the same. 

Given two bundle gerbes (P, X, M) and {Q, Y, M) we can form their product. This 
is a bundle gerbe over M which is described as follows. We first form the fibre product 
X X mY M. There are two projection maps pi : X x mY X and p2 : Xx mY — > Y. 
We use these to form the pullback bundles (pf )~^P and {p^2^)^^Q o'^^^ Xm^)'^^ 
and then form the contracted product P®Q = {p^'f^)~^P® {p^2^)^^Q over (X x^^ 
This is the bundle whose fibre at {x2,y2)) is 

P{xi,x2) ® Q{yi,y2)- 

The triple {P ^ Q,X Xm Y, M) is a bundle gerbe on M which we call the product of 
the bundle gerbes (P, X, M) and M). If X = y then we can form the product 

above in a slightly different way. If P and Q are as above, then we define a bundle 
P Q ^ Xt^l by forming the contracted product. The triple (P ® Q, X, M) is then a 
bundle gerbe over M. 

Given a bundle gerbe (P, X, M) we can construct a bundle gerbe (P*, X, M) called 
the 'inverse' of P. P* X^^l is the bundle 'inverse' to P ^ X'^l see Section Kl 



P* inherits a bundle gerbe product via the bundle gerbe product on P using the 
isomorphism P O P* ^ X^l x C''. 



Recall from ||3^ that there is a characteristic class associated to a bundle gerbe 
(P, X, M) called the Dixmier-Douady class of P. This is a class in if^(M;Z). A 
Cech representative for this class (or rather a representative for its image in the Cech 
cohomology group H'^{M; C^^) under the isomorphism H'^{M; C'^^) = H^{M; Z) — see 
Section IQ]) can be constructed as follows — see |Q. Choose an open cover U = {Ui}i^i 



of M, all of whose intersections are either empty or contractible and such that there 
exist local sections Sj : f/j — *■ X of tt. Form maps (sj, Sj) : Uij — > X'^1 which map 
m G Uij to (sj(m), Sj{m)) G X^^l Denote by Pij the pullback bundle (sj, Sj)^^P on 
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Uij. Since Uij is contractible, there exists a section aij : Uij Pij of Pij — > Uij. Define 
a map gijk : f/ijfc ^ C by 

mp{ajk ® (Tij) = cTife ■ 5fijfc- 

The associativity of the bundle gerbe product mp imphes that Qijk satisfies the cocycle 
condition 

on Uijki- gijk is then a representative for a class in the Cech cohomology group 
H'^{M;Cpj) and it therefore defines a class [gijk] in H^{M;Z) under the isomorphism 
H\M-€,Ij) ~ H^{M-Z) mentioned in Section [S^. This class in H^{M;Z) is the 
Dixmier-Douady class of the bundle gerbe P and is usually denoted by DD{P) or 
DD{P,X). 

Suppose we have our usual map n : Y ^ M admitting local sections and also 
a bundle Q Y. Then we can construct a bundle gerbe {S{Q),Y, M) where 
5{Q) jg ^j^g (j-x bundle 6{Q) = vrf ® tt^^Q* of Definition ^ 6{Q) has an 

associative product because we can regard such a product as a section of 66{Q) which 
satisfies the coherency condition |3]^ in 666{Q). Such a section is provided by the 
canonical trivialisation 1 of 66{Q) and one can check that 5(1) matches the canonical 
trivialisation of 666{Q). 



Definition 3.3 ( ||33|| ) . A bundle gerbe (P, X, M) is said to be trivial if there exists a 
bundle Q —>■ X together with an isomorphism (p : 6{Q) —>■ P such that the following 
diagram commutes: 



•^3 ^ 



where the map iti^5{Q) ® tc^^S{Q) tt2^S{Q) denotes the bundle gerbe product in 
the bundle gerbe {S{Q), X, M). The pair {Q,4>) is called a trivialisation of the bundle 
gerbe P. 

The Dixmier-Douady class behaves as one would expect under operations such as 
pullbacks and the like. It also has the property that a bundle gerbe P is trivial if 
and only if its Dixmier-Douady class is zero. More precisely, we have the following 
proposition. 

Proposition 3.3 ( ||33|| ) . Let (P,X,M) and {Q,Y,M) be bundle gerbes with Dixmier- 
Douady classes DD{P) and DD{Q) respectively. Then we have 

1. The product bundle gerbe {P ®m Q-,X x m Y, M) has Dixmier-Douady class 

DD{P ®M Q) = DD{P) + DD{Q). 

2. If P* denotes the bundle gerbe inverse to P then it has Dixmier-Douady class 
DD{P*) equal to ~DD{P). 

3. If f : N —>■ M is a smooth map then the Dixmier-Douady class DD{f^^P) of the 
pullback bundle gerbe {f~'^P,f~^X,N) is equal to f*DD{P). 
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4- The Dixmier-Douady class DD{P) is the obstruction to P being trivial. 

Proposition 3.4 ( [|33|| ) . Suppose {P,X, M) is the lifting bundle gerbe for some prin- 
cipal G bundle X — > M where G is part of a central extension 

see example [g.^ . Then the Dixmier-Douady class of P is the obstruction to lifting the 
structure group of X to G. 

Finally we note that it is possible to consider 'A bundle gerbes' where A is an 
abelian Lie group. For this we need to know that there is a well defined notion of 
contracted product of principal A bundles. To define the contracted product Pi ®a P2 
of two principal A bundles Pi and P2 we simply mimic the procedure for the case 
A = C^, ie we set Pi ®a P2 to be the quotient of the A x A bundle Pi Xm P2 by the 
anti-diagonal subgroup of A x A consisting of all pairs (a, a~^). Now we can define an 
y4-bundle gerbe to be a triple (P, X, M) where P ^ X^^l is a principal A bundle with 
an associative product -k^ P ®a P ^ '^2 P- Such an A bundle gerbe will then give 
rise to class in the Cech cohomology group H'^{M; Aj^j) rather than H^{M; Z). 

3.3 Bundle gerbe connections and the extended 
Mayer- Vietoris sequence 

Let TT : y — ^ M be a surjection admitting local sections. Then we have seen that we can 
define a simplicial space Y = {Yp} with Yp = ylP+^l and face operators vr^ : Y^p+^^ 
given by omitting the ith factor as mentioned above. Then for p = 0, 1, . . . we can 
form a complex K* with K'^ = ^^(rl^l) and 6 : K'^ ^ Ki+^ given by the alternating 
sum of pullbacks vr*. The simplicial identities satisfied by the tTj ensure that 5^ = 0. 

Proposition 3.5 ( [p3[| ). The complex 

nP{M) ^ QP(Y) A ... A nP(Y^^^) A... (3.3) 
is exact for p = 0,1,2, ... . 

We also have an analogue of this proposition with the de Rham functor Q replaced 
by the singular functor S. For the definitions and basic properties of singular cohomol- 
ogy see for example Again we make S'''{Y^'^^; Z) a complex for fixed p by defining 
6 : Z) ^ by the alternating sum of pullbacks tt*. As before 6^ = 

and we have the following proposition. 

Proposition 3.6. For fixed p = 0,1,2, .. . the complex 

SP{M; Z) ^ SP{Y; Z) ^ ^ S^iY^'^^; Z) A ■ • • (3.4) 

is acyclic. 

The following proof is due to M. Murray. 
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Proof. Consider first the case of a map n : Z ^ X wliicli is onto. Here Z and X only 
liave to be sets and vr is a function. Denote as usual by the p-fold fibre product 
over TT. Then define 

6 : Map(Z[Pl,Z) -> Ma.p{Z^P+^\ Z) 

hy S = X]i'=o(~-'-)*^i' where 7ii{zi, . . . , Zp) = {zi, . . . , Zi, . . . , Zp) . In the case that X is 
a point there is a standard proof that this complex has no cohomology, see for example 



38[| . This can be adapted completely to the present case by choosing a section s of 
TT. Notice that because we are dealing with sets the question of existence of a section 
depends only on the fact that vr is onto. Indeed if / G Map(ZW, Z) and 6{f) = then 
define F e Map{Z^P-^\Z) by 

F{zi, ... , Zp^i) = /(s(7r(zi)), zi, . . . , Zp_i) 

and it is straightforward to check that S{F) = f. Notice that if f : Z —>■ Z then 6{f) = 
means that / is constant on the fibres of tt so / descends to a map F : M —>■ Z. Clearly 
f = 7T*F. Now return to the case at hand and define X to be the space of all singular 
simplices in M and Z to be the space of all singular simplices in F. tt : Y —>■ M induces 
a surjective map tt* : Z — > X. Notice that the space of all singular simplices in Y^^ is 
just Zt^l with respect to tt*. To prove the proposition we just have to notice that the 
space of all singular cochains in Y^'^ is just Map(Z[Pl, Z). □ 



Note 3.1. One could think of the complexes |3.3| and |3.4| above as generalisations of the 
Mayer- Vietoris exact sequence of an open cover (see 0]). One sees this by choosing an 
open cover {Ui}i^i of M and letting Y be the disjoint union 

Then the fibre products y'^' and F^^^ correspond to disjoint unions of double intersec- 
tions ]J Uij and disjoint unions of triple intersections ]J Uijk and so on. Thus we can 
identify the exact sequences |3]^ and ^]4| with the de Rham and singular Mayer- Vietoris 
sequences of an open cover respectively. 

In fact we can think of surjections vr : y — >■ M admitting local sections as being 
'generalised open sets' of M. This is the viewpoint adopted in Chapter 5 of |^ where 
open sets are replaced by local homeomorphisms. In this framework fibre products 
correspond to intersections of open sets and the relationship between the extended 



Mayer- Vietoris sequences |3.3| and 3.4 and the more familiar Mayer- Vietoris sequences 



associated to an open covering of M discussed in P[ becomes more apparent. 



Recall from ||3^ that there is a notion of bundle gerbe connection and curving for 
a bundle gerbe connection. We will briefly recall these definitions. Let (P, X, M) be a 
bundle gerbe and let L ^ denote the line bundle on X^^l associated to P. We let 
rriL denote the line bundle isomorphism induced by the bundle gerbe product mp on 
P. As we noted earlier, ttll defines a product on L which is associative. We make the 
following definition. 



Definition 3.4 ( ||33|| ) . A bundle gerbe connection on L is a connection Vl on L such 
that 

vrf ^Vl + tt^^^Vl = m^^ o 7r2"^VL o (3.5) 
on the line bundle tc^^L ® t^^^L over 
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Vl induces a connection Vp on P and we say that Vp is a bundle gerbe connection 
on P. Bundle gerbe connections always exist since we can choose a connection Vl on 
L and then notice that the two connections vr]"^ + vTg ^Vl and m^^ o vt^^Vl o mi on 
vrf ® TT-^^L differ by the pullback of a one form A on the base X^^\ The associativity 
condition on rriL forces S{A) = and so we conclude by Proposition P]3 that there 
exists a one form B on such that 5{B) = A. The connection Vl — B on L defines 
a bundle gerbe connection on P. It is shown in [33| that the space of all bundle gerbe 
connections on P is an affine space for Q^{X). 

If we let denote the curvature of then equation ^]5| implies that we must 
have 5(Fvl) — O5 ^^"^ so by Proposition |3.5| again we see that there is a two form / on 
X such that Fy^ = S{f). Note that / is unique only up to pullbacks of two forms on 
M. A choice of / is called a curving for the bundle gerbe connection Vl. Therefore we 
have S{df) = and hence there exists a closed three form u on M such that df = tt*uj. 
Furthermore it can be shown that u is an integral three form, ie the integral of u over 
any closed three manifold in M is 27ri times an integer. We call u the three curvature 
of the bundle gerbe connection and curving. In ||3^ it is shown that is a de Rham 
representative for the image of the Dixmier-Douady class in iJ^(M;M). Note that a 
bundle gerbe can have a non-zero Cech representative for its Dixmier-Douady class 
but, due to the phenomenon of torsion, the de Rham representative for the image of 
the Dixmier-Douady class inside H^{M]'R) can be zero. 

Example 3.3. Recall from example ^]T] the tautological bundle gerbe {Q,VM, M) as- 



sociated to a closed integral three form on a 2-connected manifold M. In it is 
shown that there is a connection V on the bundle Q which is compatible 

with the bundle gerbe product on Q and whose curvature equals 5{f) where / is the 
two form on VM defined by / = ev*u; (here ev : VM x I —>■ M is the evaluation map 
sending (7,^) to 7(t)). Therefore V and / is an example of a bundle gerbe connection 
and curving on Q. 



3.4 Bundle gerbe morphisms and the 2-category of 
bundle gerbes 

Recall the following definition from p3| . 

Definition 3.5 (|^). Let (P,X,M) and {Q,Y,N) be bundle gerbes on M and 
respectively. A bundle gerbe morphism f : P ^ Q consists of a triple / = {f, f, f ) 
of smooth maps / : M ^ N, f : X Y covering / and f : P —>■ Q covering the 
induced map 

/[2] . ^ y[2]. The map / is required to commute with the bundle 
gerbe products on P and Q. 

As an example, consider the situation in which we have a smooth map f : N ^ M 
and a bundle gerbe (P, X, M). We can pullback the bundle gerbe P to a bundle gerbe 
{f~^P, f~^X, N) on N. By definition of the pullback construction there is a bundle 
gerbe morphism / : f~^P — > P. 

We will almost always be interested in the case where M = N and / is the identity. 
In this case, a bundle gerbe morphism f : P ^ Q is a triple (/, /, id^f). 

Definition 3.6 (Q). Let (P, X, M) and (Q, F, M) be bundle gerbes. A bundle gerbe 
isomorphism / : P — ^ Q is a bundle gerbe morphism / = (/, /, idM) from P to Q such 
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that / : X — > y is a diffeomorphism and f : P Q covering /t^l : X'^^ — > F'^J is a 
bundle isomorphism. 

Unfortunately, bundle gerbe isomorphisms seldom appear in practice. Given bundle 
gerbes [P, X, M) and {Q, Y, M), it is not clear when a bundle gerbe morphism between 
them exists. Obviously, a necessary condition is that DD{P) = DD{Q). One way of 
dealing with this problem is to consider stable isomorphism classes of bundle gerbes 
on M. 



Definition 3.7 ([g, jg). We say that bundle gerbes (P,X,M) and {Q,Y,M) are 



stably isomorphic if there exist bundles Ti and T2 over X XmY such that there is 
an isomorphism 

covering the identity on (X x m Y) and commuting with the bundle gerbe products. 
(Here pi and p2 are the two projections of X x^Y onto X and Y respectively). 

Suppose bundle gerbes (P, X, M) and (Q, Y, M) have DD{P) = DD{Q). Then the 
product bundle gerbe {P Q* , X Xm Y, M) has DD{P i^Q*) = 0. Therefore there is 
a bundle T ^ X XmY together with an isomorphism P ®Q* ^ ^{T) covering the 
identity on (X Xm Y)^'^'^ and commuting with the respective bundle gerbe products. 
Now form the bundle gerbe (P® Q*) ® {P2^)^^Q {Xxm)^'^K The isomorphism above 
translates into 

(p ® Q*) ® ip^Y'Q ^ m ® (pI^iq. 

We have 

(P ® Q*) ® ip?)-'Q = ip?)-'P ® ip?r\Q* ® Q)- 

The bundle gerbe Q* ® <5 — > has zero Dixmier-Douady class, hence it is trivial. 
Therefore its puUback to (X x m y)[^l is trivial and so P and Q are stably isomorphic. 
Conversely, if P and Q are stably isomorphic, then it is easy to see that DD{P) = 
DD{Q). Thus we have the proposition (see P^): 

Proposition 3.7 ( ||34|| ) . Two bundle gerbes (P,X,M) and (Q,Y,M) have the same 
Dixmier-Douady class if and only if they are stably isomorphic. 

This shows that the notion of stable isomorphism is an equivalence relation and so 
we can form the set of equivalence classes. Taking products of bundle gerbes clearly 
respects stable isomorphism and indeed there is a group structure on the set of stable 
isomorphism classes of bundle gerbes. In Chapter ^ we shall see that there is an 
isomorphism between stable isomorphism classes of bundle gerbes and H^{M; Z). 

There is another way of looking at the question of whether a bundle gerbe morphism 
exists between two given bundle gerbes or not. Before we explain this, we need to 
digress for a moment. Let P — X be a principal bundle on X and let vr : X — M 
be an onto map admitting local sections. We have the following lemma (see [pages 
185-186]). 

Lemma 3.1 ([]7[]). A necessary and sufficient condition for P to descend to a bundle 
on M is that there is an isomorphism : n^^P t^2^P covering the identity on X'^1 
which satisfies the gluing law 

i^^^4> o '^1^4' = "^2^4^ (3-6) 

over X^^\ (j) is known as a descent isomorphism. P descends to a bundle on M means 
that there is a bundle Q M together with an isomorphism P ~ n^^Q. 



26 



Note that another way of looking at this is that a necessary and sufficient condition 
for P to descend to a bundle on M is that there is a section (f) of 6{P) — > X'^l such that 
^(0) = 1) where 1 is the canonically trivialising section of 66{P), see Definition pl2 , 
We have the following slight generalisation of this lemma. 

Suppose Tlx '■ X ^ M and vry : F — > M are surjections admitting local sections. 
Then X X]\,f Y is also a surjection admitting local sections. Given a bundle P on 
X Xm Y^p\ let Sy{P) denote the bundle on X x m 1^1^+^ whose fibre at a point 
{x, ?/2, • • • , Vp+i) of X Xm Y^p+^^ is 

where the last factor is P(x,yp+i) if P is even and -P*^.^^^^) if P is odd — compare with 
Definition |3.2|. As in Definition \i.2\ it is easy to check that 5y5y(P) is canonically 



trivialised. We will denote this canonical trivialisation by 1. 

Lemma 3.2. Suppose nx o,nd iTy are as above and that P is a bundle on X x^Y 
such that there is a section (p of 5y{P) on X x^ F'^^ which satisfies the coherency 
condition Syicj)) = 1 on X x^ Y^^\ Then P descends to a bundle Q on X, ie there is 
an isomorphism P ~ Pi^Q, where pi : X Xm Y ^ X is the projection onto the first 
factor. 

Proof. Choose an open cover U = {f/ajags of M such that there exist local sections 
ta ■ Ua Y of TTy- Let Xq, = 7r^^(f/a). Define a bundle Pa on Xa by Pa = t~^P, 
where ta '■ Xa — > X XmY sends x G Xa to {x,ta{m)), where m = nx^x) G Ua- 
The section </) of 5y(-P) induces a section 0^/3 of P/3 Pa and hence an isomorphism 
0a/3 '■ Pa ^ Pp- The coherency condition on ensures that the (pap satisfy the glueing 
condition (pp-yCpap = 4>a-y Hence we can use the standard clutching construction to 
form a bundle Q from the Pa and one can check that there is an isomorphism 
P^p^^Q. □ 

As an example of this, suppose we have a closed, integral two form F on a non- 
simply connected manifold M. If M denotes the simply connected universal covering 
space of M then we can lift F to a closed integral two form on M which we denote 
by F. We cannot construct the tautological hne bundle on M directly, but we can 
on M. Let L denote the line bundle on M with curvature F constructed by the 
tautological method. We know that L descends to a line bundle L on M. In it is 



shown that if 7ri(M) has no non-trivial extensions by , then there is an isomorphism 
: TYi^L 7^2^ L satisfying 2]6| above. 

Suppose we are given two bundle gerbes (P, X, M) and {Q,Y,M) together with 
bundle gerbe morphisms f,g:P^Q. Let / = (/, /, idju) and g = {g,g,idM)- Form 
a bundle Z) ^ X by letting D = {f,g)~^Q, where {f,g) : X yl^l is the map 
which sends x G X to {f{x),g{x)) G F'^'. We have the following series of lemmas. 

Lemma 3.3. D descends to a bundle Djg M, that is, we have D = -n^Djg, where 
Tlx denotes the projection X ^ M . 

Proof. We first define a map : tx^^D t^2^D- If ^ ^r^*^ -^(2^1,2:2) = Q if {^2), 9(^2)) then 
choose p G P(xi,x2} and define 

0(0 = mQiniQigipy ® ® /(p))- 
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Here mq is the bundle gerbe multiplication in Q. Clearly (p is independent of the choice 
of p. We need to show that is a descent isomorphism, ie that the following diagram 
commutes 




So let ^ G Q{f{x:i),g(x3)), P e P{xi,x2), and p' G P(x2,x3)- Then 
VTg- V o vrrV(0 = vr3-0(mQ(mQ(^(p')* ® ® /(p'))) 



nT'Q{mQ{g{mp{p (g) p))* (g) ^) (g) f{mp{p ® p))) 



Therefore Z) descends to a bundle -D/,g. 



□ 



Lemma 3.4. Suppose we are given bundle gerbes {P, X, M) , {Q, Y, M) and three 
bundle gerbe morphisms fi = {fi,fi,idM) . P ^ Q for i = 1,2,3. Then we have 
the following isomorphism of bundles on M 

Proof. The bundle gerbe product in Q defines an isomorphism ip : {f2i f'i)~^Q ® 
U'li f'i)^^Q ~^ {fii f^)~^Q- We need to check that this isomorphism is compatible 
with the descent isomorphism defined in Lemma p.3| . That is, we need to check that 
the following diagram over commutes: 

vrr'(/2, f.Y'Q ® vrri(A, f2)-^Q — n^Ui, fzY'Q 



023®<^12 



7r„ V 



^2"'(/2, fzY'Q ® f2)-'Q — r^2\fl. fsY'Q, 

where (f)ij : vr^^(/j, fjY^Q '^2^{fii fjY^Q is the descent isomorphism constructed in 



Lemma IJ. Let ^23 e t^i ^(/2, /3) ^Q{x,,x2), 62 G t^i ^(/i, /2) ^Q{x,,x2), andp G P{xi,x2)- 
Then 

TT^V ° (023 ® 012) (63 ® 62) 

= 7r^V("^Q("^Q(/3(p)* ® 63) ® Mp)) ® mQ(mQ(/2(p)* ® ^12) ® /i(p))) 

= "^q("^q("^q(/3(p)* ® 63) ® /2(p)) ® "^Q("^Q(/2(p)* ® 62) ® 



^QimQifsip)* ® mQ(^23 ® ^12)) ® flip)) 
013 ovrf V (63^62 )• 



□ 
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Lemma 3.5. Given three bundle gerbes {P, X, M) and {Q, Y, M) and {R, Z, M) to- 
gether with pairs of bundle gerbe morphisms 

fi = ifi, fh idu) ■ P 

Qi = {9i,9i, idu) -.Q^R 



for i = 1,2. Then we have the following isomorphism of bundles on M. 

-^910/1,920/2 - -^/l,/2 ® -^ffl,ff2- 

Proof. First of all define a map < 5^1,5^2 >: Y^"^^ — > Z'^l by mapping a point (1/1,1/2) of 
yl^l to the point {gi{yi),g2{y2)) of Z'^l. We then have {g-^ o fi,g2 o /a) =< gi,g2 > 

o(/i,/2)- Note that < 5^1,5^2 R = {gt^Y^R ® t^2^{9i,92)~^R- We therefore have 
the following series of isomorphisms of bundles 

{91° h.92 f2)'^R = (< ^1,^2 > o(/i,/2))-'i? 

= {fi,f2)-' <gi,g2>-' R 

= (/i, f2r'{{9?Y'R ® ^2\9i, 92)-' R) 

= {hj2)-\9fr'R® f2WD,,,-9. 

= {fuf2)-\9f)-^R®T^x^D,,-,,, 



where txx denotes the projection ttx : X — > M and so on. The bundle map 
§2 ■ Q ^ R pulls back to define an isomorphism 

= {fij2)-'92 : (/i,/2)-'g ^ {fij2)-\9?)-'R- 
We need to show that ip is compatible with the descent isomorphisms: 

^i\h, f2)-'Q — 7rr^(/i, f2)-\9SY'R 



4>R 



^2\hJ2)-'Q^7^2\hJ2)-\9fr'R. 

This is clearly true, since ip is induced by the bundle gerbe morphism ^2- Therefore 
there is an isomorphism T^^Dg^^j^ g^^j^ = t^^{Dj^ j^ ®Dg^^g^) which is compatible with 
the descent isomorphisms. Therefore we must have Dg_^^j_^ g^^j^ = P>j^j2 ® D, 



91 ,92 ■ 



□ 



Motivated by the results above, wc make the following definitions. 



Definition 3.8. Let {P,X,M) and {Q,Y,M) be bundle gerbes and suppose / = 
(/,/, idM) and g = {g,g,idM) are bundle gerbe morphisms f,g:P^Q. A transfor- 
mation of bundle gerbe morphisms 9 : f g is a. section of the bundle Djg on 
M. 



Definition 3.9. Let (P, X, M) and (Q, Y, M) be bundle gerbes. A bundle gerbe equiv- 
alence consists of a pair of bundle gerbe morphisms / = (/, /, idj^f) and g = {g,g, id^i) 
with f : P ^ Q and g : Q P such that there exist transformations of bundle gerbe 
morphisms Oi : g o f =^ idp and O2 f o g =^ idQ. 
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Now we can look at bundle gerbe morphisms in a different light. We can view 
the collection of all bundle gerbes on a manifold M as objects of a 2-category B (for 
the definition of a 2-category we refer to Section For given two bundle gerbes P 
and Q on M we can define a category Hom(P, Q) whose objects consist of all bundle 
gerbe morphisms from P to Q. Given two objects /i and /2 of Hom(P, Q), that is 
1-arrows of B, the arrows from fi to /2, ie 2-arrows of B, consist of all transformations 
^/ij2 from /i to /2. Composition of arrows in Hom(P, Q) is by tensor product, with 
the identifications of Lemma |3.4| . (For details on 2-categories and bicategories see 
Chapter §). We have the following proposition. 

Proposition 3.8. B as defined above is a 2-category. 

All we really need to do is show that there is composition functor, in other words 
if P, Q and R are three objects of B, then there is a functor 

m : Hom(Q, R) x Hom(P, Q) Hom(P, R) 

which is associative. If we define the action of m on objects to be composition of 
bundle gerbe morphisms and the action of m on 2-arrows to be tensor product, with 



the identifications of Lemma |3]^, then this condition is clearly satisfied. 

As mentioned in |33], an annoying feature of bundle gerbes is that two bundle gerbes 
can have the same Dixmier-Douady class and yet fail to be isomorphic by a bundle 
gerbe isomorphism nor even equivalent by a bundle gerbe equivalence. There is a way 
to circumvent this problem by introducing the notion of a stable morphism between 
bundle gerbes. The following definition is due to M. Murray. 

Definition 3.10. Let (P, X, M) and {Q,Y,M) be bundle gerbes. A stable morphism 
/ : P ^ Q is a choice of trivialisation (L/, 0/) of the bundle gerbe P* ® Q, ie a choice 
of bundle Lf ^ X X M Y and a choice of isomorphism (f)f : S{Lf) — > P* Q such 
that the diagram below commutes: 

n^^6{Lf) ® 7rs^5{Lff-^^^^^^-^7T^\P* ® Q) ® 7t^\P* ® Q) 



-H{Lf) 7r2-^(P* ® g). 



see Definition p73| . Suppose we have two stable morphisms f,g:P^Q corresponding 
to choices of trivialisations {Lf,(j)f) and {Lg,(j)g) of P* ® Q respectively. Then we 
have an isomorphism o 0^ : 6{Lf) S{Lg) which corresponds to a section G 
T{6{L*j Lg)). Because the isomorphisms (pf and ipg commute with the bundle gerbe 

products, the section (f)f^g will satisfy the coherency condition ^{(pf^g) = 1. Therefore 
there is a bundle Df^g on M and an isomorphism L*^ ® Lg ~ -D/,g. We define a 
transformation 6 : f ^ g io he a. section ^ of ® Lg such that 5{9) = (pf^g. Thus 9 
will descend to a section of -D/,g. 

Note 3.2. 1. Note that a bundle gerbe morphism / = (/, /, id^/) : P ^ Q gives rise 
to a stable morphism f : P —y Q because we can define a trivialisation Lf of 
P* ® Q by letting Lf have fibre Lf{x, y) at {x,y) & X XmY equal to Q{f{x),y) — 
the bundle gerbe product on Q and the isomorphism P ~ {f^'^^)^^Q provides an 
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isomorphism Q{f(x2),y2) ® Q*f{xi),yi) - Q{yi,y2) ® -^(Li.xa)- Suppose we have stable 
morphisms f : P —>■ Q and g : P —>■ Q arising from bundle gerbe morphisms 
f,g : P Q. Then the bundle Df^g of Definition p.lO| above is the 



bundle D j g of Lemma p.3| . 

2. Note that a stable morphism exists if and only if P and Q have the same Dixmier- 
Douady class. 

3. Suppose we have bundle gerbes (P, X, M) and {Q,Y,M) and stable morphisms 
f,g,h : P ^ Q corresponding to trivialisations {Lf,(j)f), {Lg,(j)g) and {Lfi,(ph) 
respectively. Suppose also that we have transformations 6f^g : f ^ g and 6g^h '■ 
g ^ h corresponding to sections 9f g G r(Lj ® Lg) and 9g^h ^ ^i^*g ® ^h) 
respectively. We would like to define a composed transformation OghOj^g : f ^ h. 
We do this as follows. Let 9g^h0f,g denote the image of the section Of^g ® 9g^h of 
L*^ ® Lg® L*g® Lh under the isomorphism can : L*^ ® Lg ® L*g ® Lh ^ L*^ ® Lh 
induced by contraction. To show that 9g^h0f,g defines a transformation we need 
to show that 5{0g^h0f,g) = (/)f,h- We have 5{0f^g®9g^h) = <Pf,g®4>g,h and 4>f,g<^4>g,h 
is mapped to (pf^h under the isomorphism S{Lf)* S{Lg) ® S{Lg)* ® 6{Lh) 
S{Lf)* 5{Lh) = S{L*j ® Lh). Therefore we can compose transformations. This 
operation of composition is clearly associative. Note that there is an identity 
transformation 1/ : / ^ / and so it follows that we have defined a category 
Homs(P, Q) whose objects consist of the stable morphisms P ^ Q and whose 
arrows are the transformations between these stable morphisms. Finally note 
that all the arrows in Homs(P, Q) are invertible. 

Suppose we have bundle gerbes (P, X, M), M) and {R,Z,M) and stable 

morphisms f : P ^ Q and g : Q R corresponding to trivialisations {Lf,(f)f) and 
{Lg, (pg) oi P* ®Q and Q* ®R respectively. So 0/ is an isomorphism P* ®Q '2± 6{Lf) = 
7rj~^L/®7r^^Lj and (f)g is an isomorphism Q*®P ~ 7i^^Lgi®Tr2^L*. Both isomorphisms 
respect the bundle gerbe products. Fibrewise, 0/ is an isomorphism 

P*(xi, X2) (S) Qiyi,y2) ^ Lf{x2, 1/2) ® L*j{xi, yi) 
which can be rewritten as 

P{xi,X2) (S) Lf{x2,y2) ^ Qiyuy2) ® Lf{xi,yi). 
Similarly we can write 

Qiyi, ^2) ® Lg{y2, Z2) ~ Rizi, Z2) ® Lg{yi, Zi). 

We want to define a triviahsation {Lgoj, (pgof) of P* ® R corresponding to a stable 
morphism g o f : P ^ R. Consider the bundle L on X Xjv/ 2' Xjv/ yl^^ whose fibre 
at a point (x, z, yi,y2) E X x j^j Z Fl^l is 

Lix,z,yuy2) = Lf{x,yi) (g) Lg{y2, z) ® Qd/i, 2/2)- 

We will show there is a section of (5y[2] (L) on Xx mZx a/ (F'^^)'^^ satisfying Sym (0) = 1. 
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We construct <j) as an isomorphism given fibrewise by L(x, i/i, 2/2) L{x, z, 2/3, 1/4). 

Lfix, yi) (g) Lg{y2, z) Q{yi, 2/2) 

- Lf{x, yi) (g) Lg{y2, z) ® Qiy^, 1/2) ® Qiy3, Vi) ® Q{yi, ys) 

- Lf{x, ys) (g) P{x, x) (g) Lg{y2, z) (g Q{yi, 2/2) ® Qiys, yi) 

- Lf{x, 2/3) (g Lg{y2, z) (g Q{y4, 2/2) ® QiVs, Vi) 
~ Lf{x,ys) (gLg{y4,z) (gR{z,z) ® (5(1/3,1/4) 

- Lf{x,y3) (g Lg{y4,z) (gQ{y3,y4). 

One can check that this isomorphism is coherent given a third point {y5,y6) of Y^'^\ 
Hence by Lemma L descends to a bundle Lgof on X Xm Z. We now need to 
show that Lgof triviahses P* R- Consider S{L) on {X Xm Z Xm 

F[2])[2]. It has fibre 
at a point ((xi, zi, yi, 1/2), {x2, Z2, y'l, y'2)) oi{X Xm Z Xm FI^I)!^! equal to 

5(L)((xi, zi, yi, 1/2), ix2, Z2, y[, y'2)) 
= L{x2,Z2,y[,y'2)(gL*{xi,zi,yi,y2) 

= Lf{x2,y[) ® Lg{y2, Z2) (g Q{yi,y'2) ® L){xi,yi) (g L*g{y2, zi) (g Q* {yi,y2) 
^ P*{xi, X2) (g Q{yi, y[) ® Q{y2, 1/2) ® ^(^1, ^2) ® Qiv'i, y'2) ® Q*{yi, 2/2) 

~ P*{Xi,X2) ® R{Zi,Z2). 

This isomorphism commutes with the bundle gerbe products on S{L) and P* ® -R and 
is also compatible with the descent isomorphism for S{L) induced from the descent 
isomorphism for L. Hence this isomorphism descends to (X Xm Z)^^^ to provide a 
trivialisation 0^0/ : ^{^goj) — P* <g R. We define the composite stable morphism 
g o f : P ^ R to he the triviahsation {Lgof, (pgof)- 

Given bundle gerbes (P, X, M), {Q,Y,M) and {R,Z,M) and stable morphisms 
/i,/2 : P ^ Q and gi, g2 : Q ^ R together with transformations 9 : fi ^ f2 and 
p '■ gi ^ g2, one can define a composed transformation p o 9 : gi o fi ^ g2 o f2 using 
a similar technique to that in the preceding paragraph (except that we now descend a 
morphism). One can show that this operation of composing transformations is com- 
patible with the operations of composing transformations in the categories Homs(P, Q) 
and Homs((5, R)- It follows that we have defined a functor 

o : Hom,(P,g) X Hom,(Q,P) ^ Hom,(P,P). 

We would like to know whether or not this operation of composition is associative. 
Suppose we have bundle gerbes (P, X, M), {Q, Y, M), (P, Z, M) and {S, W, M) together 
with stable morphisms f : P ^ Q, g : Q R and h : R ^ S. Let p : X Xm Y^"^^ x m 
Z^ ' Xm w -^X X W denote the natural projection obtained by omitting the factors 
yt^l and Z'^l in the fibre product. Then there is an isomorphism 

p~^Lho{gof) {x, yi,y2, 2:1, Z2, w) - Lh{z2, w) ® Lg{y2, zi) ® Lf{x,yi)®Q{yi, 1/2) ® R{zi, Z2) 

of fibres at a point {x,yi,y2, Zi, Z2,w). At the same point there is an isomorphism 

p~^LQ,og)of{x, yi,y2, zi, Z2, w) ~ Lh{z2, w)®Lg{y2, zi)®Lf{x, yi)®Q{yi,y2)®R{zi, Z2). 

It follows from this that p~^Lho{gof) — p'^L(^hog)of and hence that Lho{gof) — L(^hog)of- 
Furthermore this isomorphism is compatible with the isomorphisms (pho{gof) and (p(hog)of 
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and hence defines a transformation Of^g^h '■ h o [g o f ) =^ {h o g) o f . One can sliow 
tliat tliis transformation Of g ^ satisfies a cofierency condition given a fiftfi bundle gerbe 
(T, V, M) and a fourtli stable morphism k : S T. This coherency condition is 

{Og,h,k ° l/)%,ho<;,fc(lfc O f^g^h) = f ,g ,kohO go f Xk ■ 

Given a stable morphism f : P Q between bundle gerbes P = (P, X, M) and 
Q = {Q,Y,M), there is a natural stable morphism f : Q ^ P. If / is given by 
a trivialisation {Lf,(f)f) of P* Q, then / corresponds to the trivialisation {L*j:,(f)*j-) 
of Q* ® P- Let us calculate the trivialisation of P* (S> -P corresponding to the stable 
morphism f o f. First we form the bundle L on X x m X x m Y^"^^ whose fibre at a 
point {xi,X2,yi,y2) of Xl^l xmY^'^^ is 

X2, yi, 2/2) = L/(a;i, yi) (g) L){x2, 2/2) ® Qd/i, 2/2)- 

Since {Lf,(f)f) is a trivialisation of P* Q, we see there is an isomorphism 

L{xi,X2, yi, 2/2) - P(xi, 0:2). 

This isomorphism preserves the descent isomorphism for L and so we see there is an 
isomorphism Lj^^j ~ P. This is a transformation / o / =^ Ip, where Ip is the stable 
morphism P ^ P induced by the identity bundle gerbe morphism P P. Similarly 
there is a transformation f ^ f ^ \q. These transformations are compatible with the 
transformations in the sense of Definition |8.2| . We have the following Proposition. 

Proposition 3.9. Given a manifold M , we can form a bicategory Bg whose objects 
are the bundle gerbes on M and where the 1-arrows are the objects of the categories 
Homs{P,Q) and where the 2-arrows are the arrows of the categories Homs{P,Q). This 
bicategory is in fact a bigroupoid. 

We refer to Definitions |8.1| and p.2| for the precise meanings of the terms bicategory 
and bigroupoid. 
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Chapter 4 

Singular theory of bundle gerbes 



4.1 Construction of a classifying map 

Definition 4.1. The universal bundle gerbe {EBC^ , EBC^ , BBC^) is the lifting bun- 
dle gerbe associated to the principal BC^ bundle EBC^ BBC^ via the short exact 
sequence of abelian groups 

So £bC^ ^ (E5C^)[2] is the pullback r-^EC^ of the universal bundle EC" ^ 
BC^ via the canonical map r : {EBC'Y^^ BC" . 

Let EBC'^ have Dixmier-Douady class u in H^{BBC'';Z) = Z. Suppose (P, Y, M) 
is a bundle gerbe on M with Dixmier-Douady class DD{P) in H^{M;7j). We will 
review a construction of [|18| which shows how to construct a map g : M ^ BBC^ 
from a Cech cocycle gijk representing the Dixmier-Douady class of P. It will follow 
from this that the two classes DD{P) and g*uj are equal. 

Suppose the class DD{P) is represented by a Cech 2-cocycle gijk : Uijk C^, 
relative to a Leray cover lA = {f/j}ie/ of M, in the Cech cohomology group if^(M; C]^) 
via the isomorphism induced by the short exact sequence of sheaves of abelian groups 
on M 



see Section pTTI. Thus gijk satisfies the Cech 2-cocycle condition 



93klg,kl9^jl9^Jl = 1 (4.1) 

on Uijki- We will construct maps gij : Uij BC^ which satisfy the Cech 1-cocycle 
condition gjk9ik9ij = 1 on Uijk- These will be transition functions for a BC^ bundle 
on M, whose classifying map will be the map g : M ^ BBC^ referred to above. 

We will make the assumption that every manifold M we deal with has a locally fi- 
nite, countable Leray cover U such that there is a smooth partition of unity sub- 
ordinate to the open cover U. For each m E M form the subset = {io, ii, . . . , «n(m)} 
of / consisting of those i E I such that (j)i{m) is not zero. Since our Leray covering is 
locally finite, this subset will always be finite. For r = 0, 1, . . . , n{m), let 

tprim) = 0i^(m) H h 0i,_i(m). 
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Then we will have ipoim) < ■ ■ ■ < ipn(m.){f^) and using the non- homogenous coordi- 



nates on i?C^, see Section |2.2| and ||18[, we can define gij : Uij BC^ by 

9ij{m) = IM^)^ ■ ■ ■ ,^n{m), [giji^-,{my^giji^{m)\ ■ ■ ■ \giji„_Amy^giji^{m)]\ 

where m G Uij, n = n{m) and {io, • • • ,'^n(m)} is the set above. Notice that this 
makes sense, that is respects the face and degeneracy operators, precisely because each 
dijirdijis defines a trivial cocycle. By Lemma 1.2 of |jl8| we have that gij : Uij — >• BC^ 



is smooth — that is smooth in the differentiable space sense of [|T^ and — see also 



Section — and hence is continuous. 

Lemma 4.1. The maps gij : Uj BC^ satisfy the 1-cocycle condition 

gjk{m)gik{my^gij{m) = 1 

on Uijk- 

Proof. To show this we need to use the group multiplication in B'C^ using the non- 



homogenous coordinates on BC^ as reviewed in |T8[ and see also Section |2]^. We 
get 

9ij9jk 

= \lpQ, . . . ,1pn, [9ijio9ijii9jkio9jkii \ ' " " \9iji^_-i9ijin9 jki,,_i9jki„]\ 
= \-ipo, • • • , ^n, [9ikio9ikii I ■ ■ ■ \9ikin^i9iki„] \ 



9ik 



where we have used the 2-cocycle condition ^?T| to write 9ijir,gijhgjkio9jkh equal to 



9ik]o9ikh and so on. □ 

Hence the gij represent transition functions for a BC^ bundle Xp on M. We want 
to show that the class in H^{M; Z) determined by Xp and the Dixmier-Douady class 
DD{P) of the bundle gerbe P are the same. 

Lemma 4.2. Let {Xp,Xp, M) denote the lifting bundle gerbe associated to Xp via the 
short exact sequence of groups 

1 ^ ^ EC"" BC" 1. 

Then DD{Xp) = DD{P). 

Proof. We will calculate the Dixmier-Douady class of Xp relative to the same open 
cover U of M used above. We choose sections Si of Xp — > M above each U and form 
the pullback bundles (sj, Sj)~^Xp over Uij. Since the sections Si and Sj are related 
by the transition cocycles gij, we see that a classifying map for (sj, Sj)~^Xp is given by 
g,,:U^,^BC\ 

Thus choosing sections aij of (sj, Sj)~^Xp —* Uj corresponds to choosing lifts gij : 
Uij EC^ of the gij. We have a canonical choice for the gij given in the non- 
homogenous coordinates by 

gij{m) = \^po{m),... ,tlJnim),gijiQ{m)[giji,,{m)~^giji^{m)\--- 
\giji^_,{m)-^giji^{m)]\. 
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where again n = n{m) and the tpr are defined as above. The cjij need not be cocycles 
and indeed their failure to be is measured exactly by the 2-cocycle Qijk for a calculation 
similar to that in the proof of Lemma ^]T] above shows that 

9jk9ik9ij = Kdijk), 

where i : —>■ EC^ is the homomorphism induced by the inclusion of the subgroup 
C^. In other words, the lifting bundle gerbe Xp has Dixmier-Douady class equal to 

[gijk]- □ 
4.2 The singular theory of bundles 

In this section we will show that there is an analogue of the curvature two form F 
associated to a connection one form A on a principal bundle tt : P — X in singular 
cohomology. To be more precise, we will construct a singular 1-cochain A G S^{P; Z) 
and a singular 2-cocycle F G S'^{X; Z) such that 7r*F = dA. 

We first digress for a moment. Recall from Chapter ^ that we can replace the 
structure group of a bundle gerbe P — > X^^l with any abelian Lie group A and still 
get a well defined notion of bundle gerbe. In particular we can replace by Z and get 
the notion of a 'Z bundle gerbe'. Z bundle gerbes arise whenever we have a bundle 
P — >■ X, since we have the canonical map r : P^^l — > defined by p2 = Pit{pi,P2) 
for pi and p2 points in the same fibre of P. Then we can puUback the universal Z 
bundle C — with the map r to get a Z bundle P — > P^^l Because the map r 
satisfies t{p2,P3)t{pi,P2) = T{pi,p3) we clearly get an associative product on P and 
hence the triple (P, P, X) defines a Z bundle gerbe. Of course this is a rather artificial 
construction, but it does have the useful property that if one calculates the class in 
H^{X] Z) defined by the Z bundle gerbe P then one finds that it is equal to the Chern 
class of the bundle P (as one would hope). To see this we first choose an open cover 
{Ui} of X such that there exist local sections Si : Ui P of P X . We then form the 
pullback Z bundles (sj, Sj)~^P = Pij and choose sections cTj^ : Uij —>■ Pij — this is like 
choosing lifts Zij : Uij ^ C of the transition functions Qij : Uij —>■ of P. Finally we 
can define an integer valued Cech 2-cocycle n^-fc : Uijk — >■ Z by m{ajk^i,<Jij) = (Jik+nijk 
— this translates into the condition Zjk + Zij = Zik + riijk- From this it is clear that [uijk] 
is the image of [gij] under the isomorphism H^{M;C^^) ^ H'^{M;Z]^) induced from 
the long exact sequence in sheaf cohomology arising from the short exact sequence of 
sheaves of abelian groups 

Therefore the class [riijk] in H'^{M] Z) is the Chern class of the bundle P. 
We have the following lemma. 

Lemma 4.3. There exists a singular cocycle c G Z^{<C^;Z) and a singular cochain 
b G 5°(C^ X C^Z) such that 

die - die + die = db (4.2) 

and 

d*ob - d\b + dlb - dlb = 0. (4.3) 
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Here the di denote the face operators in the simphcial manifold NC^ . 

Proof. First of all note that a singular 0-chain in 5*0(2; Z) is a linear combination of 

0- simplices a : A" — * Z with integer coefficients. Since A" is just a point, it follows 
that we may identify a singular 0-chain of 5*0(2; Z) with a formal linear combination 
niiTLi + • ■ ■ + rikiTLk. A singular 0-cochain is a linear map 5o(Z; Z) Z. There is a 
canonical choice of a singular 0-cochain in 5'°(Z; Z), namely the linear map which sends 
a formal linear combination nimi + ■ ■ ■ + nkmk to the integer nimi + ■ ■ ■ + nkmk- Let us 
call this singular 0-cochain a. It has the property that pr^a+pr2a = m*a, where pri and 
pr2 are the projections on the first and second factors of Z x Z respectively, and where 
m : Z X Z — s> Z is addition. This is because a singular 0-chain of Z x Z may be identified 
in the same way as above with a formal linear combination ni(mi, m^)+- ■ ■+nk{mk, rrii^) 
and it is easy to see that the value of m*a on such a 0-chain is equal to the value of 
pr^a-l-prga on such a 0-chain. We also have da = 0, where d is the singular coboundary, 
since a singular 1-chain of 5i(Z;Z) must be a linear combination of constant maps 
A^ ^ Z with integer coefficients from which it follows that da evaluated at such a 

1- chain must be zero. 

Next we have the short exact sequence of groups Z ^ C ^ C^, where Z — > C is 
the inclusion and C — > is the map sending z E C to exp(2n^/^z). We will think 
of C as a 'principal Z bundle' on C^. Form the fibre product Ct^'. We then have a 
canonical map r : C^^' Z. Form a 0-cochain T*a of 5°(Cf^];Z) by pullback with 
T. The property pr^a -|- prgfl = m*a of a shows that 5(r*a) = in 5'''(C[^1; Z), where 
5 : 5°(Cf^];Z) 5'°(C[^1;Z) is the coboundary defined in Proposition |3.6| by adding 
the pullback maps it* with alternating signs. It follows from Proposition p.6| that there 
exists c G 5'''(C;Z) such that r*a = 5(c). Since da = 0, we have 6{dc) = so by 
Proposition p.6| again we get dc = p*c for some c G 5^(C^; Z), where p : C ^ is 
the projection. 

Denote multiplication in by m and denote multiplication (addition) in C by m. 
We have a commutative diagram 



(C X C)[2] 



/ [2] [2] s 



Z X Z 



C 



2] 



■Z, 



where now pri : C x C ^ C and pr2 : C x C ^ C denote the projections on the 
first and second factors in C x C respectively and Z x Z — Z is addition in Z. From 
this diagram we get {m^'^^)*T*a = (r o prf')*a + (r o pr2^')*a and since T*a = S{c), this 
becomes S{7fi*c) = 5(pr^c + pr2c). Using Proposition again, we see that there exists 
b G 5'''(C^ X C^; Z) such that {pxp)*b = pr*c — m*c-|-pr2C, where pxpis the projection 
CxC — >• xC^. From this last equation, it is easy to see that b satisfies equation |47^ 
above. Also from the last equation we see that {pxp)*db= (p x p)*(pr^c — m*c-|-pr2c), 
in other words equation 0| is satisfied. □ 



Note 4-1- We will briefiy check here that the singular cochains c and c defined above are 
not identically zero and that c is not the coboundary of a 0-cochain. To solve r*a = S{c) 
for c, recall from the proof of Proposition p.6| that we put c equal to the 0-cochain that 
sends a 0-simplex a : A° ^ C to r*a{a, s{p{a))), where s : 5o(C^;Z) 5o(C;Z) is 
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a section of the set map p^: : Sq{C;Z) S'o(C^;Z). Since we may identify S'o(C;Z) 
and 5'o(C^;Z) with the free abehan groups on the points of C and respectively, 
choosing such a section s amounts to choosing a section of p : C ^ where we regard 
C and as sets so s need not be continuous. The obvious candidate in this case is 
the map s : —>■ C sending r exp{\/^6) (where < ^ < 27r) to ■^;^^^^(\ogr + ^/^9) . 
Now consider the 0-simplex 1 sending the point 1 of A° to 1 G C. We have c(l) = 
a(r( ^^^_^ log(l), 1))) = a(r(0, 1)) = a(l) = 1. In a similar way one can show that dc is 
not identically zero, and so c is not identically zero. We will now check that we do not 
have c = de, for some e e S^{C^ ; Z). Suppose we did, then we would have d{c—p*e) = 
in 5'^(C;Z). This means that c — p*e must be constant on the 0-simplexes A° — >■ C. 
Let this constant value be n say. Then e + n defines a new 0-cochain of S^{C^; Z) and 
we have d{e + n) = c. Also we have c = p*{e + n) = p*e + n and so 5(c) = 0, which 
contradicts the fact that 6{c) = T*a ^ 0. In fact, one can give an explicit formula for 
c. First of all suppose we have chosen a set map s : ^ C which is also a section 
of p : C — *• C^. We need to find a section of : 5*1 (C; Z) Si{C^; Z). There is a 
canonical way of doing this. Let o" : ^ be a 1-simplex. Then there is a unique 
way of lifting a to a 1-simplex cr : A^ ^ C with po a = a and a{0) = s{a{0)). Now we 
can write down a formula for c: 

c. = a(l)-s(a(l)), 

where a : A^ — > is a 1-simplex. It is not hard to check that c defined in this 
manner is closed and it value on the canonical generator of Hi{C^ ; Z), a triangle in 
around 0, is the winding number of the triangle ie 1. Hence c represents the generator 
or fundamental class of H^{<C^; Z). Similarly one can write down a formula for b, 

where cxi : A° — and (T2 : A° ^ are 0-simplexes. 

Now suppose we are given a principal bundle P ^ X. Let up denote the 
projection P ^ X. Let, as usual, Pt^l denote the fibre product of P with itself 
over X and let P'^' denote the p-fold such fibre product. We have the natural map 
r : p[^l — > defined by P2 = Pi ■ t(pi,P2) for pi and p2 in the same fibre of P. r 
satisfies 

r{p2,P3)T{pi,P2) =r{pi,p3) (4.4) 
for {pi,P2,P3) £ P'^'- We have the following commutative diagram: 

P — 



P 



2] 



Let a = T*c and let a = f* c so da = 7r*pa. Notice that even if P has zero Chern class 
in H^{X; Z), in which case the structure group of P will reduce to Z„ for some n, a 
will be non zero since the map r : P'^1 is onto C^. Then equations |4.2| and ^ 

imply that 

7r*Q; — 7r2a + n^a = d(5, (4.5) 
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where /? G S%P^^^] Z) is defined by /3 = (r o TTi, r o 7r3)*6. Another way of seeing this is 
to note that we have the commutative diagram 



TT^ P Xp[3] P ^ L X L 



■c, 



where mp : vr^f^P Xpp] TTg^^P t^2^P is induced by mp. From the commutativity of 
this diagram and the equation pr^c + pile = m*c + (p x p)*b in S^{C x C; Z), we get 
the following equation in S'°(7rjf ^P Xp[3] TTg^^P; Z): 

TprlTc^^a + pr27r3 = m^vr^^d + (vrp x npYP. (4.6) 

Taking d of this equation gives equation |4.5|. Also it follows from equation 



or 



equation ^]3| that = in 5'°(P''^1; Z). Hence Proposition |3]^ implies that there 
exists 7 G S'°(p['^l; Z) such that 5(7) = p. Then, from equation ^75| , we get S{a) = 5{d'y) 
and hence from Proposition |3.6| again, we get a = d'y + S{A) for some A G S^{P; Z). 
Since da = we have that 6{dA) = and hence there exists F G S'^{X; Z) such that 
7r|,P = dA. 

Lemma 4.4. F is a representative of the Chern class of P X in i!/^(X;Z). 

Proof. The problem is to show that P is a representative in singular cohomology of the 
Chern class of P. A singular representative for the Chern class of P can be constructed 
by observing as above that P gives rise to a Z bundle gerbe (P, P, X) on X — the 
lifting Z bundle gerbe associated to the short exact sequence of groups Z — > C C^. 
As we saw above, the Cech 2-cocycle Uijk '■ Uijk Z relative to some open cover 
U = {Ui}i(zi of X associated to the Z bundle gerbe P maps to the Chern class of P 
under the isomorphism if^(X; Z^y) ~ H'^{X] Z). 

To construct the singular cocycle representing the Chern class of P we use the fact 
(see [Q and the note following Proposition 3^) that the singular Mayer- Vietoris se- 



quence for the open covering {f/j}jg/ is exact. Thus we view Uijk as living in S^iJJijk] Z) 
and use the exactness of the singular Mayer- Vietoris sequence to solve riij^ = 5{uij) 
for some Uij G 5'°(f/jj;Z). Since riijk is locally constant we have driijk = and so 
S{duij) = 0. Applying the exactness of the singular Mayer- Vietoris sequence again im- 
plies that there is an Ai G S^{Ui; Z) so that duij = 5{Ai). Applying d to this equation 
gives us S{dAi) = and so there exists F in S'^{X; Z) with dF = and 6{F ) = dAi. 

We want to show that F and P' represent the same class in cohomology. We use the 
same open cover {f/j}ig/ as above and form the principal Z bundles Pij = {si,Sj)~^P 
over Uij. We have the following commutative diagram: 



Uij — - p 



■c 



X 
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which yields by composition the commutative diagram 



We let dij G S^(Pij; Z) denote the pullback g*jC and we let aij G S^{Uij] Z) denote the 
puUback g*jC. By pulling back equation to S'^i^Pjk >^u,jk ^ij'^ ^) get 

where f3ijk = [si, Sj, Sk)*(3. Since /3 = 5(7), we may rewrite (3ijk as 7jfc - 7,^ + 7,^ where 
7ij = {si, SjY'j. Now the lifts % : f/jj — C of the gij furnish us with sections aij of Pij. 
Also it follows that we have rhp^ajk, (Xij) = Cik + riijk- Hence from the equation above 
we get 

It follows from the definition of cuk that {crik + nijk)*aik = <y*kC(ik + nijk. This is because 
((Jifc + riijkYaik = {(^ik + riijk)* g*kC = {zik + ^ijfc)*c so if we can show that c{a + n) = 
c((t) + n for a 0-simplex cr : A" ^ C and G Z then we will be done. By definition 
c(cr + n) = {T*a){a + n, s(p(cr + n))) = (r*a)((T + n, s{p{a))) = (r*a)((j, s(p((j))) + n = 
c{a) + n. Hence we have 

cf^kOijk - Ijk + (7*j&ij - jij = (T*k&ik - lik + nijk- 

Therefore cr*^aij — 7ij plays the role of uij. Note that d{a*jaij — ■jij) equals a*jP*aij — 
d'jij = aij — d'jij = s*A — s*A. It follows from this that F and F' represent the same 
class in cohomology. □ 



4.3 The singular theory of bundle gerbes 



In this section we utilise the results of Section [4.2| to show that there are singular 
analogues of the curving and three curvature of a bundle gerbe. So let (Q, Y, M) be a 
bundle gerbe. We will assume that we have constructed a G S'^{Q] Z), a G ^^(Q'^^; Z) 
and 13 G S'°((5'^';Z) satisfying equations ^]5| and ^]6| leading to A G S^{Q]'L) and 
F G ^2(y[2].2). 

Form the pullback bundles i^l^Q over Y^^'^ for z = 1, 2, 3 so that there exist 



bundle morphisms TTj 



,-1 



Q Q covering tt, as pictured in the following diagram. 



y[3] 



Y 



2] 



The natural map r : Q'^' — > induces maps r' : (tt^ ^Q)'^' such that r' = ronfy 

Form the fibre product tTi^Q Xy[3] ir^^Q- Let ri denote the map 



J2] 
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where pi and p2 denote the projections vr^ Xyi-j] n-^ and n-^ Xym 

TT^^Q — > Tf^^Q respectively. Also, let T2 denote the map TOTr]^^ : (vrg^^'^Q)'^' — C^. The 
bundle gerbe product mq gives rise to a map rhq : n^^Q Xym tt^^Q 1^2^ Q and we 
have a commutative diagram 



. [2] 



T2 



Hence we have ^2 (^q )*c = T^m*c. Using equation L2 we get 



Tj^m c 

^2]^*._[2]^* 



= (mgV(vr?')*«. 

We can rewrite this as 

SiplnlA + p^TTgM) - d{T o ttS^I o pfl X r o o - ci(mg')*(vr?^)*7 

= 5(m^7r*A) - drfl)*(vrf )*7 - cirfl)*(7r|])*7. (4.7) 

Let p e 5°((7rf Xy[3] 7r3-ig)[2l; Z) be defined by 

/ -[2] -[2] [2]n*, , / ~ [2K*/_[2]n* / [2K*/_[2]n* / [2]n*._[2K* 



.[2] 



,[2]n*i 



Then equation above becomes 

6{plnlA + pItt^A) = 6{m*Q7i*2A) + dp. 



(4.8) 



Lemma 4.5. 6{p) = m 5°((7ri"^g x^pi n^^Qp; Z). 

We will omit the straightforward but tedious proof of this lemma. 

Thus there exists B E S^{n^^Q Xym vr^^Q; Z) such that p = S{B). Hence from 
equation we get 6{plTtlA + P27!'^A) = 6{mQ'7t2A + dB). Therefore there exists 
C e 5i(r[3];Z) such that 

plfrlA + pItt^A = m*QTi*2A + dB + 'k*qC, (4.9) 

where we abuse notation and denote by vtq the projection vrf^Q Xy[3] vr^^Q — > F^^l 
Taking d of equation ^ implies 7r*(7r^F + 7r3F) = n* {7i2F + dC) and hence 6{F) = dC. 
We would like to show that S{C) = 0. A singular 1-simplex in Si{Y^'^'^;Z) is a pair 
{cTi, (T2) of 1-simplexes cij : F such that vr((Ti) = 7r((T2). Given such a pair (cr,, cTj) 

there exists a lift cr.y : A"*^ ^ Q of the 1-simplex {ai,aj). Notice that {ajk,crij) is then 
a 1-simplex in Si{ni^Q Xyp] vr^^^'^Q; Z) which satisfies TTQicTjk, c^ij) = {ai, aj, a^). From 
equation ^]9| and from the associativity of rriQ we see that 

^mg (0-34, (723) ~l~ ^1712 '^-^(rng (0-34, 0-23), 0-12) C'(o-i,cr2,o"4) 
— ^0-34 + ^mQ((T23,o"12) ~ '^-^(0-34, "IQ (0-23, 0-12)) ~ ^(o-l,o-3>o"4) 
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which, using equation again, gives 



^a"34 ^0"23 ~l~ ^0-12 '^-^(o"34,0'23) '^-^("IQ ((734 ,CT23 ),cri2 ) ^(o"2 ,0"3 iO'4) ^(0-1,0-2,0-4) 
^034 "I" ^CT23 ~l~ ^012 '^-^(023,012) '^-^(034, mg (0-23,012)) ^0-2,03) C*(cti ,0-3,0-4)- 

and hence 

'^(C*) (0-1 ,02, 03, 04) — '^-^(023,012) ~ '^-^(mQ (034, 023), 012) "I" '^-^(o34,mQ(o-23,012)) ^ '^-^(O34,^|3)'-0) 

Notice that if the ajj are now all zero simplices and we can show 

-^(0-23,012) ~ -^("IQ (0-34, 023), 012) + -^(o34,mQ(023,Oi2)) ~ -^(0-34,023) ~ (4-11) 



then we will have S{C) = as we want. To establish equation [4.11| we first need a 
more explicit formula for B. To achieve this we need to digress for a moment. Notice 
that if we regard Q and F^^^ as sets then because ttq : Q ^ Y^'^^ is onto we can find a 
section s say, of ttq (obviously s will not be continuous unless Q is trivial). Then we 
can define a set map c : F'^' — >■ satisfying 

c{y2,y3,y4)c{yi,y3,y4)~^c{yi,y2,yi)c{yi,y2,y3)~^ = 1, 

for yi all lying in the same fibre of Y over M, by defining mQ{s{y2,y3), s{yi,y2)) = 
s{yi,y3)c{yi,y2,y3) for (?/i,?/2,Z/3) e F'^l Since TT : F ^ M is onto, we can find a 
set map a : M ^ Y which is a section of vr. Therefore we can define a function 
c' : ^ by 0(1/1,2/2) = c(2/i,?/2,cr(m)), where m = 7r(?/i) = 7r(?/2). Then it is 
easy to check that c'(?/2, 2/3)0' (|/i, 7/3)"^ c'(?/i, 2/2) = c(?/i, 2/2, Z/s)- Hence we can rescale 
our section s so that it satisfies 

^q(s(|/2, 1/3), s(2/i, 1/2)) = s(2/i, 2/3)- (4.12) 



Next, observe from the proof of Proposition ^]6| that a formula for -8(023,012) is then 
given by 

-^(023,012) ~ ^(t(s(p(o23)),023),t(s(p(oi2)),Oi2))- 



From this and equation i.1'2 we see that B satisfies equation [4.11| . Therefore C satisfies 



d{C) = and so we may find D E S^iY^"^^; Z) such that C = 5{D). Thus if we rename 
F to F — dD then we have S{F) = and F is still a representative for the Chern class 
of Q — > Also we can solve F = 5{f) for some / G S'^(y; Z) which must therefore 
satisfy S{df) = 0. Hence there exists u G S'^(M;Z) satisfying 7i*uj = df and da; = 0. 
We have the following proposition. 

Proposition 4.1. The class in H^{M; Z) defined by the singular 3-cocycle u is a rep- 
resentative for the Dixmier-Douady class of the bundle gerbe {Q,Y,M). 

We will assume this result for the moment and delay a proof until later. We use 



Proposition |4.1| to give an alternative proof of the following theorem from |11 



Theorem 4.1 ( ||llj| ). Let v G S'^(G;Z) be a representative for the Chern class of G. 



Then the transgression of [u] in the principal bundle P ^ M is the Dixmier-Douady 
class of the lifting bundle gerbe {Q, P, M) associated to P ^ M via the central extension 
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The fact that the transgression of [u] is the Dixmier-Douady class DD{Q) of Q and 
not minus DD{Q), as is the case in [|ri|], is due to differing sign conventions. 

Proof. Suppose in the above construction of the singular 2-cocycle F G 5*^(1^'^^; Z) and 
the singular 2-cochain C E S'^(y['^l;Z) that we had been unable to define a set map 
5 ; y[2] ^ Q which was a section oi ttq : Q ^ yt^l and which satisfied equation |4.12 . 
We rewrite equation |4.10| as 



(tTq Xy[4] TTq Xy[4] TTq ) *5 (C) (^34 ,^33 ,^,2) = C?%34 ,^33 ,<7i2 ) (4-13) 

where ttq Xy[4] ttq Xy[4] ttq denotes the projection from n^^^n^^Q Xym Vg^^Q) Xy[4] 

TT^^TTg^^Q = 7r^V]~"'^Q Xy[4] T^i^iiTi^Q Xy[3] vr^^Q) == <5i234 to F'^' (compare with Defi- 
nition and where i? G S^{Qi234; Z) is defined by 

B' = lx B + {lx rhgYB - B x 1 - {rhg x 

If we can show that S{B') = in >S'°((5i234; ^) then we will have B' = S{E) for some 
E G ^°(rW;Z) and hence 5(C) = dE. Also it is easy to see that we must have 
6{E) = in 5°(r[5];Z). We see that 6{B') = as follows. Recall that 6{B) = p G 

S^ii'^i^Q ^yM '^3^Q)'i'^)- Hence we get S{B') = p where p G {Q^il^^^; Z) is defined 
by 

1 X p + (1 X m[^l)*p - p X 1 - X l)*p. 



It is a tedious but straightforward calculation to verify, using equation ^^Sj that p = 
and we will omit it. Notice that we could have considered a simplicial line bundle 
(Definition |3]^) on an arbitrary simplicial manifold, the constructions above will still 
work but we will replace the vTj by the face operators di for whatever simplicial manifold 



we are working with. Of course we will not be able to use Proposition |3.5| , as that only 
applies for the special simplicial manifold Y = {Yp} with Yp = ylp+^l. So it follows 
that we could consider the central extension G ^ G as defining a simplicial 

line bundle (or simplicial bundle rather) on the simplicial manifold NG as per 
Proposition and constructed z/ G S'^(G;Z) representing the Chern class of G in 
H^{G; Z), p G S\G'^; Z) such that d*u - d^v + d^v = dp and A G S°{G^; Z) such that 
(igp — dip + d2P — d^p = dX and d^X — dlX + (iaA — d^X + dlX = 0. (Thus the triple 
(z/, p, X) represents a class in H^{S*'*{NG); Z) — the cohomology of the total complex 
of the double complex S*'*{NG) of Theorem |2.1| — and hence a class in H^{BG; Z)). 

We have the natural map r : P^^l G defined by p2 = PiT{pi,p2) for pi and 
P2 in the same fibre of P. In fact r gives rise to a simplicial map P NG where 
P = {Pn} is the simplicial manifold with P„ = pt^+^l, a portion of which is pictured 
in the following diagram: 

p[3] ^ GxG 



G 



P -{I}- 

By pulling back z/, p and A to ^^(pl^]; Z), S\P^^'^;Z) and 5°(pW; Z) respectively by this 
simplicial map and using the conditions dgiy—dlu+dli^ = dp, d^p— d\p+ d*2p— d\p = dX 
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and c/qA — d^A + (igA — (igA + (i^A = it follows from Proposition |3.6| that we can adjust 
r*z/ by a coboundary da so that F = r*z/ + da satisfies S{F) = in S'^(p['^l; Z). 
It follows that there exists / G S^{P]Z) such that 6{f) = F and hence there exists 
u G S^{M; Z) with du = and 7i*u! = df. We need to show that [u] is the transgression 
of [u]. Recall from that the transgression of [u] is characterised by the property 
that there exists e G S'^{P; Z) such that de = 7r*c, where c is a representative of [t{i')], 
and [^*e|p„] = [z/], where i : G Pm is the injection of the fibre G into Pm and where 
e|p„ denotes the restriction of e to the fibre Pm- So we need to show that [^*/|p„] = H- 
The injection i is defined by choosing a point p of P^ and mapping (7 to pg (this needs 
G connected). If we consider {p} x P^ C P'^' then 5{f) = F = t*u + da gives us 



[i*/|p^] = [v]. Thus LU is the transgression of u. Hence from Proposition [4.1| we have 



that the transgression and the Dixmier-Douady class are equal. □ 

In general, given a central extension of groups A ^ G ^ G, if one gives each of 
the groups the discrete topology then there will not exist a homomorphism s : G ^ G 
which is also a section of G ^ G. In certain circumstances however, such a section can 
be shown to exist. An example of this occurs if A is an abelian topological group and 
we consider the central extension of groups A —>■ EA —>■ BA. Let A^, EA^ and BA^ 
denote the groups A, EA and BA equipped with the discrete topology. Then we can 
define a section s : BA^ EA^ of EA^ BA^ which is also a group homomorphism 
as follows. A point of BA is of the form 

|(xo, . . . ,Xp), (ai, . . . ,ap)|, 
or, in the non-homogenous coordinates, 

. . . [ail ■ ■ ■ |ap]|, 
where tj = Xq + ■ ■ ■ + a^i-i. A point of EA is of the form 

|(xo,... , Xp), (Oq, . . . 
or, expressed in the non-homogenous coordinates, 

,tp,ao[(ao)"^a'i| ■■■|(ap_i)~^ap]|. 
The projection p : EA BA is given by 

p(|(xo,... ,Xp),(ao,... ,ap)|) = \{xq, . . . , Xp), ((ao)"^ai, . . . , (a^.J-^Op)! 
or, alternatively. 



,tp,ao[(ao) ^a'i|---|(a' 1) ^a' ] |) = |ti, . . . , tp, [(oo) ■ ■ ■ |(a' _i) ^a. 



So what we seek is a homomorphism s : BA^ EA^ such that p o s = 1. Let 
I {xq, . . . , Xp), (oi, ... , ttp) I be a point of BA^ and assume that there are no O's appearing 
amongst the Xj. Define 

s(|(xo, . . . ,Xp), (ai, . . . ,ap)|) = |(xo, . . . ,Xp), (l,ai,aia2, ... , ai ■ ■ -ap)]. 

We just need to check that s is well defined with respect to degeneracies. We have 

s{{xo, ... ,Xi + Xi+i, ... , Xp), (ai, . . . , Op-i)) 
= ((xq, ... , Xj -|- Xj+i, . . . , Xp), (1, Oi, aia2, ... , Oi ■ ■ ■ ap_i)) 

= ((xo, . . . , Xp), (1, ai, . . . , ai ■ ■ ■ ttj-i, ai ■ ■ ■ Oj, ai ■ ■ ■ ttj, ai ■ ■ ■ a^+i, ... , ai ■ ■ ■ ap_i. 
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On the other hand we have 



s{{xq, . . . , Xp), (Oi, ... , Oj, 1, Oj+i, . . . , ttp^i)) 

= {{xq, . . . , Xp), (1, ai, . . . , Oi ■ ■ ■ aj_i, Oi ■ ■ ■ aj, Oi ■ • • Oj, Oi • • • Oj+i, ... , Oi • • • ap_i)) 
= s((xo, ... ,Xi + Xi+i, ... , Xp), (ai, . . . , ap_i)). 

Hence s is well defined. To check that s is a homomorphism of discrete groups we will 
use the non-homogenous coordinates. The condition that there are no Xj's equal to 
zero in (xq, . . . , Xp) translates into no tj's repeated in (ti, . . . , tp). s expressed in the 
non-homogenous coordinates is 

s{\ti, ... ,tp, [ail ■ ■ ■ \ap]\) = \ti, ... ,tp, l[ai\ ■ ■ ■ \ap\\. 

Let |tp+i, . . . , tp+g, [flp+il ■ ■ ■ |ap+g]| be another point of BA^. We have 

s(|ti, . . . , tp, [ai\ ■ ■ ■ |ap] |)s(|tp+i, . . . , tp+g, [ctp+il ■ ■ • jctp+J I) 
= 1^1, • • • ,tp, l[ai| ■ ■ ■ \ap]\ ■ |tp+i, . . . ,tp+g, Ifo-p+il ■ ■ ■ Icip+JI 

where cr is a permutation of {1, . . . ,p + q} such that to-{i) < ■ ■ ■ < ta-(p+q). This equals 

I r I ' I I 1 1 

\ta{l),'taii), ■ ■ ■ ,tu{p+q), | " " " P J| 

for some a', a" upon removing all repeated t's. This is exactly the result of applying s 
to the point 

... ,tp, [ai| ■ ■ ■ |ap]| • |tp+i, . . . ,tp+g, [ctp+i| • • ■ |ap+g]|. 

Therefore s : BA^ EA^ is a homomorphism and it is straightforward to check that 
s is also a section of p. Note however that s considered as a map s : BA EA is not 
continuous. 



It now follows from the remarks made during the course of the proof of Theorem 
that if we regard the central extension EC^ BC^ as a simplicial bundle 

on the simplicial manifold A^C^ then we can choose a representative F e S'^{BC^; Z) 
of the Chern class of EC" BC^ so that there exists C G ^^((EC^)^; Z) such that 
the following two equations are satisfied: 

d*oF - dlF + dlF = dC, (4.14) 
d*C - die + d;C - die = 0. (4.15) 

It also follows that we can find A2 G S^{EC^;Z) such that p*F = dA2, 5(^2) = 
T*c — da, and such that there also exists B2 G S^{EC^ x EC^; Z) so that the following 
equation in S^EC x EC^; Z) is vahd: 

PIA2 - m*A2 + PIA2 = (p X p)*C + dB2. 

Let us rename F to L2 and C to ^2. If one examines the construction of L2 and K2 
then one notices the construction relies upon the fact proved in Lemma |4.3| that there 
exist c G 5'^(C^;Z) and b G S'°((C^)^;Z) satisfying the analogues of equations |4.14 
and [4.15. 
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Let us see what happens if we try to iterate this procedure using i2 in place of c 
and 1^2 in place of b. So we start with the principal BC^ bundle EB<C^ BBC^. 
We form the canonical map r : (EBC^Y'^''' BC^ and pullback L2 to a class t*L2 on 
(EBC^y^^. Then as above we get 5{t*L2) = dij o 7ri,r o '7r3)*fi:2- Because K2 satisfies 
the analogue of equation we get (5((r o tti, r o TX-i)*K2) = and hence there exists 



0:3 G S^{{EBC^y^'^; Z) such that (totti, tott^)*K2 = S^a^). Therefore T*L2—das satisfies 
6{t*L2 — das) = and so we can solve t*L2 — da^ = 5(^3) for some A3 G S'^{EBC^ ; Z). 
Hence there exists ^.3 G S^{BBC^;Z) with p*i3 = dA^. Following this procedure 
through leads in a straightforward way to the following analogue of equation 



PIA3 + pIAs = m*A3 + dB3 + {px pYks, 
where ^3 G S^iBBC" x BBC'-.Z) and where ^3 G S^EBC" x E5C^;Z) satisfies 

6{B3) = (r opfl X Topfy^2 - (pP^)*«3 - (p|^)*a3 + {m^'^Tas. 

This time however there will not exist a section s : Si{BBC^]Z) Si{EB'C^ \ 
compatible with the group structures on Si{BBC^]Z) and Si{EBC^ ]Z) induced by 
the group structures on BBC^ and EBC^ and so we can only conclude, following the 
argument of Theorem |4.1j , with L2 in place of c and K2 in place of b, that there exists 
A3 G S^{{EBC''f;Z) such that 

d^K.^ — dlK,3 + ^2^3 — ^3^3 = dX^ (4.16) 

A3 - A3 + rf;A3 - rf* A3 + rf:A3 = 0. (4. 17) 

Therefore it follows that we have defined ^3 G S^iBBC" ■,Z), A3 G ^2(^5C^;Z), 
/€3 G 52((55C^)2;Z), 53 G 5H(^5C^)2;Z) and A3 G ^^((EEC^)^ Z) such that 
dis = 0, p*L3 = dAs and 

pIAs + pIAs = m*As + dB3 + {p x p)*K3 

dli^ — (i*63 + (ig'-s = dn^ 

d^Ks — (i*K3 + d2Ks — d*^Ks = dXs, 



and A3 and ^ satisfy equations |4.17| and [4.17| above. It is clear that ^.3 is the trans 



gression of L2 in the principal BC^ bundle EBC^ BBC^. It is also clear that 
L2 is the transgression of c in the bundle EC^ —>■ BC^ . The fundamental class 
of HP+^iBPC'-^Z) is mapped to the fundamental class of HP+^iBP+^C" ^Z) under the 
transgression in the principal BpC^ bundle EBpC^ —>■ Bp^^C^ . Indeed if we consider 
the long exact sequence in homotopy for the fibering BpC^ —>■ EBpC^ Bp~^^C^ then 
we get TTp^i{BPC^) ~ 7rp_|_2(-B'''^"'^C^). Moreover, since these are Eilenberg-MacLane 
spaces we have the sequence of isomorphisms 7rg+i(i?''C^) ~ H'^~^^{B'^C^;Z) ~ Z and 
with respect to these isomorphisms the isomorphism TTp^i{BPC^) ~ 7rp+2(-B^'''^C^) can 
easily be seen to be the transgression (in the case we are considering the transgres- 
sion HP+\BPC'';Z) RP+^iBP+^C'-.Z) is an isomorphism). It follows that L2 is a 
representative of the fundamental class of H'^{BC^; Z) and that ^.3 represents the fun- 
damental class of H^{BBC^; Z). It would not be too hard to go further and prove a 
similar result by induction for the fundamental class t„ G ^"(^""^C^; Z) although we 
will not do so here. 

Recall from Section above the recipe for constructing from a Cech cocycle Qijk '■ 



Uijk maps gij : Uij BC^ satisfying the cocycle condition gijgjk = Qik and 
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maps (jij : Uij — > EC^ lifting Qij such that gjkQikgij = 9ijk- It is not difficult to 
go further and construct maps Qi : Ui ^ BBC^ such that Qi = gj on Uij and lifts 
cji :Ui ^ EBC^ of gi which satisfy gjg^^ = gij- The map g : M BBC^ is obtained 
from the g^. Suppose we are given such a cocycle gijk. We will use the Cech-singular 
double complex (see 0) to show that the class in H^{M;Z) represented by gijk and 
the class represented by g*L3 are equal. 

Let :Ui M denote the inclusion map. We have ijj-g*L3 = g^iz = (p ° ^i)*'-3 = 
dg*A3. Next, g*Az - g*Az = {gi,gjy6{A3) = {gi,gj)*{T*L2 - da^^). Since gfgl^ = gij 
we get that g*A3 - g*A3 = g*jL2 - d{gi, g^Ya^. Using p{gij) = gij we get g*ji2 = dg*jA2 
, where A2 G S^{EC^; Z) is constructed as in the paragraph preceding Lemma [4.4|. Let 



«i = g*A2 and let (3^ = g*j - {gi, g^Ya^. Since 5(03) = (r o tti, r o 7r3)*«;2, we get 

(3jk - Pik + Pij = g*jkM - g*ikM + gljM - {gjk, gijTK.2- 

Using the equation p\A2 + P2A2 = m*A2 + dB2 + (p x p)*/t2, we get 

^iPij) = {9ik ■ gijkTA2 - g*kA2 + d{gjk,gijTB2. 

Using the same equation again we get 

{i{gijk)yA2 - d{gik,i{gijk)TB2 + d{gjk, gij)* B2 - {gik, 1)*k,2- 

It is straightforward to check that {gik, l)*/t2 = 0. It is also not difficult to check that 
i*A2 = c. Let cjijk '■ Uijk ^ C be a lift of gijk- We have 



Pjk - Pik + Pij = d{g*jkC - {gik, i{gijk)TB2 + {g^k, gijTB; 



2), 



where c e 5'°(C; Z) is constructed in Lemma |4^ . Put ■jijk = g*jkC — {gik, i{,gijk))* B2 + 
{gjk,gij)*B2. Define zjk and Zik in C by = T{s{gij), gij), zjk = T{s{gjk), gjk) 
and Zik = ^is^gik), gik) respectively. Then one can check that ■jijk is given by 

9ijkC - (^(^jfc) - (^iz,k) + (r{zij)), 



where a : (C^)'' {C-Y is the section constructed in Lemma [4.4| . It now follows that 
Jjki - liki + liji - lijk = Uijki where riijki ■ Uijki ^ Z is the image of the cocycle gijk 
under the coboundary map H'^{M;C^^) — * H^{M;Zj^j). Hence gijk and g*L3 represent 



the same class in H (M; Z). This argument constitutes a proof of Proposition ^A 

As an application of this, if we are given a bundle gerbe (P, X, M) on M then 
we know that there is a map g : M ^ BBC^, unique up to homotopy, such that 
the Dixmier-Douady class DD{P) of P is equal to g*L.3. It follows that the puUback 
Ti*xg*L-i of the Dixmier-Douady class to X is cohomologous to zero. Hence there is a 
lift g: X ^ EBC" of the map gonx '-X ^ BBC" , ie a map g : X ^ EBC^ making 
the following diagram commute: 

X EBC" 



TTx 



P 



M^^BBC" 



Notice that we can therefore define a map / : X^^l — * BC^ satisfying 

fix2,X3)f{xi,X2) =/(xi,X3) 
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for xi, X2 and X3 in the same fibre of X, by f{xi,X2) = i~^{g{x2)g{xi)~^). It is easy 
to see that the bundle f~^EC^ — > has a bundle gerbe product and that the 
resulting bundle gerbe {f^^EC^,X,M) has Dixmier-Douady class equal to DD{P). 
Therefore the bundle gerbcs f^^EC^ and P are stably isomorphic and so there exists a 
bundle L^X such that P ~ f-^EC" O S{L). Let h-X ^ BC" be a classifying 
map for L and redefine ^ to g • fi- Denote the rescaled / by the same letter as well. 
It follows that the bundle gerbes P and f'^EC^ are isomorphic. In effect we have 
proved the following Proposition. 

Proposition 4.2. Let {P, X, M) be a bundle gerbe. Then there is a bundle gerbe 

morphism g : {P,X,M) {EBC'^ , EEC , BBC") with g = ig,g,g). The map g : 
M — > BBC^ is unique up to homotopy. 
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Chapter 5 
Open covers 



5.1 Bundle gerbes via open covers 

We now turn to some calculations involving bundle gerbe connections and curvings on 



open covers. Similar results for gerbes appear in the lecture notes . 

Suppose (P, Y, M) and (Q, X, M) are bundle gerbes. and we have a bundle gerbe 
morphism / = (/, /, id) which maps (P, F, M) to (Q,X, M). It is easily seen that P 
and Q must have the same Dixmier-Douady class. We will exploit this fact to give a 
method of calculating the Dixmier-Douady class of a bundle gerbe P on M from an 
open cover of M. 

Let {Ua\a& be an open cover of M, and suppose we are given line bundles L^p 
Ua/3- Suppose further that we have sections aa/s-y of the line bundles L^^ L*^ La/3 
over Ua/s-y These sections are required to satisfy 

where 1 is the non-vanishing section induced by the canonical trivialisation of 

SiLa/sy) = Lfj^s ® L*^^s ® Laps ® L*ap^ 

over Uap-yS and where we have put Lap-y = Lp^ ® L*^ ® Lap- Assume that we are also 
given connections V ap on each Lap- Denote the induced connection on Lap-y by V ap-y- 
Hence we can find 1-forms Aap^ on Uap-y such that 

Va/3-y(crQ,/3^) = Aap-yfJap-y- 

If we denote the induced connection on by 5{y ap-t) then 5(Va/3^)(l) = so 

clearly we will have 

^/37<5 — Aa-yS + Aaps — Aap-y = 0. (5.1) 

Suppose we have a partition of unity {ipa}aej: subordinate to the cover {Ua}a£T. of M. 
Define a 1-form Bap on Uap as follows. Let Bap = i^-yAap-y- Then it is easily 

checked that we have 

P/37 — Pq:7 + Bap = Aap^ (5.2) 
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Define new connections on the by V afi — Bap. If Fap denotes the curvature of the 
connection Vq/j, then the new connection will have curvature Tap equal to Fa(g — dBa/3. 
From the equations above, we see that 

F/S'y — Fa-y + Fap = dAa/S-y- (5.3) 

Hence the new curvature will satisfy 

•^/37 — + -^0/3 = 0. (5.4) 

Using the same trick as before, define 2-forms fia on Ua satisfying fi/s — fia = Tap by 

fJ-a = -^Ta/3lpp. (5.5) 

One can check that on Ua/B we have d^a = d^p, and so the d^a are the restrictions to 
Ua of a global 3-form uo on M. It will follow from the discussion in the next section on 
Deligne cohomology that uo lies in the image of H^{M; Z) inside H^{M; M). 



5.2 Bundle gerbes and Deligne cohomology 

We now briefiy review the notion of sheaf hypercohomology. We refer to [0] or |2T|| for 
more details. 

Suppose we are given a complex of sheaves K* on our manifold M. Thus we have 
sheaves of abelian groups IC' on M together with morphisms of sheaves dg : 10 10^^ 
which satisfy (ig+i o dq = Suppose we are given an open cover U = {Ua}aes of M. 
Then we can form a double complex K^^' with Kj^''^ = C^{U,K^), ie the Cech p- 
cochains with values in the sheaf K^. The differentials of Kll* are d : Kll'^ — > K^''^'^^ 
and 6 : Kj^''^ —>■ Kf^^''^ and are induced by the morphism of sheaves d : 10 10^^ 
and the Cech coboundary operator 5 : C^(U,I0) C^^^(U,I0) respectively, d and 
6 clearly satisfy rf^ = 0, 5^ = and d6 + 6d = 0, thus K^'* is a double complex. 

Let Tot{Klf) denote the total complex of K^* . A refinement V <IA will induce map- 
pings Tot{Klt) Tot{K^) and mappings H*{Tot{K^)) H'{Tot{Kl)) of the corre- 
sponding cohomology groups. We define the sheaf hypercohomology groups H*{M; K*) 
of M with values in the complex of sheaves K* to be 

H'{M-K-) =^^u H'{Tot{K'^)). 

As an example consider the complex of sheaves C]^j fi]^^ on a manifold M. Then, 
relative to an open cover U = {Ua}ae'B of M, a class in the hypercohomology group 

H^(M; consists of smooth maps ga/s '■ Uap — > and one forms Aa on Ua 

which together satisfy the conditions 

gp^/da^da/S = 1 
Ap- Aa = dgapgal 

Then it is not hard to see that classes in H^(M;C^j ^1m) ^ 
correspondence with isomorphism classes of line bundles with connection on M. 
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Consider the complex of sheaves 



dlog 



M 



■M 



on a manifold M. It is shown in (see also |Q) that a bundle gerbe (L, F, M) with 
bundle gerbe connection V and curving / gives rise to a class D{L, V, /) in the Deligne 
hypercohomology group H'^{M;C^j — > ^m)- Let us briefly recall how this class 

is constructed. 

Choose as usual an open cover U = {Ua}a£j: of M such that there exist local 
sections of n : Y ^ M above each Ua and all of whose non-empty finite intersections 
Uao n ■•■ n are contractible. Form the maps (5^,3/3) : Uap — > Y^"^^ and choose 
sections aa/s of the pullback line bundle Lap = (sq,,S/3)~^L over Uais- The connection 
V induces a connection Va/s on La/s and we get 



VQ/3(crQ^) = Aa/3 ® CT 

for some one form A^p on U^p- L^p has curvature F^p = (sq,, spYF^ with respect to 
Vo/3- Since Fy = we get F^p 
Faj3 = dAa/3, and so we get 



fp ~ fa- On the other hand, we clearly have 



dAap — fp — fa- 



(5.6) 



Finally, the isomorphism of line bundles m : tt^ L ® ir^ L ^ L induces an isomor- 
phism of line bundles m : Lp^^L^p L^^ and we have m{ap^®aap) = o'ajgaP'y where 
daP'j '- Uap-y ^ Is a representative of the Dixmier-Douady class of L and satisfies 
the cocycle condition 



dPySgaySdapsgap-Y 



(5.7) 



Therefore we have on the one hand 



(V/3^ + Vap){(Tp^ ® (Tap) = {Ap^ + Aap) ® {(Tp^ ® Cap) 

but on the other, from equation |^, 



(Vp^ + Vap){(Tp^ ® (Tap) = m ^ oVa-f°m{ap.,®aap) 



m 



-1 



O Va'y{(Ta'r9aPj) 



m ^{{Aa^ + gap^dgap-r) ® {(Ta-rgap-r)) 

{Aa^ + g'l^dgap^) ® {(Tp^ ® (Tap), 



and hence we get 



A 



Pi 



Aa^ ~\~ A 



aP 



gaLdg 



P'yC'gaP"/- 
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From equations |5]^, and p78| , we see that the triple {fa, Aap, gap-y) represents a class 
D{L, V, /) in the Deligne hypercohomology group H'^{M;C^j fi^^) and one 

can check that this is independent of the choices made. If we consider bundle gerbes 
(L, Y, M) equipped only with a bundle gerbe connection V then the discussion above 
shows that every such bundle gerbe L with bundle gerbe connection V gives rise to a 
class in the truncated Deligne hypercohomology group H^{M;C^ ^1m)- 
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Suppose we are given a bundle gerbe (L, Y, M) with bundle gerbe connection and 
curving / and suppose moreover that the bundle gerbe L is trivial. Hence there exists 
a line bundle J on y such that there is an isomorphism of bundle gerbes (p : L —>■ 6{J) 
over Suppose that the line bundle J has a connection Vj. Then 5{J) inherits the 
tensor product connection 5(Vj). Therefore there exists a complex valued one form t] 
on y[^5 such that Vl = o 5(Vj) o + r^. Since commutes with the bundle gerbe 
products, we must have 6{ri) = and hence there exists a complex valued one form fi 
on Y such that 6{fi) = rj. Then if we give J the new connection Vj — fi and rename this 
new connection Vj, it is not hard to see that we have an isomorphism of bundle gerbes 
with bundle gerbe connection : L — >■ 5(J) over 

This result is not surprising 

in light of the fact that there is an isomorphism H'^{M;C^) ^ H'^{M;Cl^ QIj) of 
cohomology groups. 

Suppose that the class D[L,V l, f) of L in the Deligne hypercohomology group 
H'^{M;C^,j — * fi^^) is zero, so that (using the notation above) we have 

Aa/3 = —ki3 + ka + dha/sh^p 

fa dk(^ . 

From fa = dka we see that the three curvature lo of the bundle gerbe L equipped 
with the bundle gerbe connection Vl and curving / is zero. In other words the map 
H^iM;Clj nlj) n^{M) applied to D{L, Vl, /) is zero. So we must have 

df = TT*{uj) = 0. The bundle gerbes L and 6{J) may not have the same curvings, in 
general the curvings / and Fy^ of L and 5 (J) respectively will differ by the puUback of 
a two form on M (here F^j is the curvature of J with respect to the connection Vj 
defined above). Since Fv^ is the curvature two form of a connection on J it is closed 
and we have just seen that / is closed, so it follows that K must also be closed. Since 
K is also an integral two form, there exists a line bundle / on M with Chern class equal 
to the class [K] in H'^[M] Z). We may endow / with a connection Vj whose curvature 
is equal to K. It follows that the line bundles L and 6{J tt"^/*) are isomorphic by 
an isomorphism which preserves the bundle gerbe products and the connections Vl 
and Vj — 7r~^V/. What is more, the bundle gerbes L and 5( J (8) 7r~^/*) have the same 
curvings. In effect, we have proved the following proposition. 

Proposition 5.1 ( ||34|| ) . A bundle gerbe {L,Y,M) with bundle gerbe connection Vl 
and curving f has trivial class D[L,V l, f) in H'^{M;C^^ fl\.^ — Q^m) ^f '^'^^ ^''^^V 
if V L = (^(Vj), where Vj is a connection on a line bundle J Y which trivialises 
L and f = F^j, where F^ j is the curvature of the line bundle J with respect to the 
connection Vj. 



Note 5.1. One can define a notion of stable isomorphism of bundle gerbes with bundle 



gerbe connection and curving — see p^. One says that two bundle gerbes (Li, Yi, M) 
and (L2,y2,M) with bundle gerbe connections Vi and V2 and curvings /i and /2 
respectively are stably isomorphic if there exist line bundles S and T on Yi x^/ Y2 
with connections Vs and Vr respectively and there is a line bundle isomorphism 
{Pi^)~^Li ®5{S) (p2^')~^L2 ®5{T) which commutes with the bundle gerbe products 
and preserves the connections (pf^)~^Vi + 5(Vs) and (P2^^)~^V2 + 5(Vt) and such that 



the curvings p\fi + Fy^ and P2/2 + F^t equal. One can then prove ((^J) ^ version 
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of the above proposition for stable isomorphism classes of bundle gerbes with bundle 
gerbe connections and curvings. One can also show ([0) that there is a bijection 
between stable isomorphism classes of bundle gerbes with bundle gerbe connections 
and curvings and the Deligne hypercohomology group if^(M; C^^ Quii)- 

Given a bundle gerbe L with bundle gerbe connection V l and curving / with trivial 
Deligne class D{L,'W l-, f) we will explicitly construct a line bundle J ^ Y which 
trivialises L and a connection Vj on J such that Vl = ^(Vj) under the isomorphism 
L 6{J) and such that the curvature Fy^ of Vj is equal to /. Since L has trivial 
class in i7^(M;C^ — fl^^j) then there exists ha/3 '■ Ua/3 and ka G Q^{Ua) 

such that 



9a/3-y 
^a/3 
fa 



h/3^hj^ ha/3 



k/3 + ka + 



dh, 



af3 



l-a/S 



dkr. 



(5.9) 
(5.10) 
(5.11) 



where we have continued to use the notation from above. First we construct the 
bundle J Y which trivialises L. This is done in but we need to review the 



construction. We define line bundles Ja — > Ya by Ja 
is the map y f-> {y, Sa{7i{y))). 
the sections cra/3 G T{Ua/3, La/3) 



L where s„ : F„ 



y[2] 



')a/3{u) = m{aa/3hal®u) for ue J, 



Vl induces a connection Va = s~^V on J a- We use 
to define line bundle isomorphisms (j)a/3 '■ Ja —>■ J/3 by 

o 



The condition 5.9 above shows that 



fa/? 



07 



on Yap-y. Hence we can glue the Ja together using the ^q^j to get a line bundle J on 
Y. It is easy to see that if the connections on the Ja satisfied = o V/3 o 
then we could glue them together to form a new connection Vj on J. We calculate 



^a/3 



(3 ° (Pa/3 



for an arbitrary section ta G T{Yai Ja) restricted to Ya/3- We have 



'af3 



]oV /3 0(t)a/3{tc 



^a(3 



^ o V/3 o m{pa/3h 



1 

a/3 



O (m(7r ^Vaf3{Pa(3h 



'Pal ° {m{ii'^*^af3 - 



tc 

-1 

a/3 

dh 



)®ta)+ m{aa/3hjp ® Va{ta))) 



a/3' 



h 



a/3 



yphal) ® ta) + m{Oa/3h^p ® V a{ta)) 



= 7r*Aaf3-7r*^ + Va{ta) 
lla/3 

= -n*k/3 + n*ka + Va(ta)- 
Hence if we let = Vq, + Tc*ka then we get 



^al ° v;, O , 



'af3 



and so the Vq, patch 



together to define a connection Vj on J. Finally we need to show that Vl = S{Vj 



and that / = F^j. The map m : tt^ L ® vTg L ^ vTg L gives rise to isomorphisms 

of bundle gerbes rja ■ S{Ja) L over Ya and furthermore we have a commutative 
diagram 




^{Jp) 
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over Y^p. Thus we can define an isomorphism of bundle gerbes 77 : 5{J) L over 
We have (5(Va + T^*ka) = ^iV a) which equals r]^^ o Vl o r]a and thus we get 
Vj = Tj^^ o Vl o Finally + Ti*ka has curvature = /|y^ + n*{dko, — fa which 
equals /|y^ by equation |5.11| . Thus J has curvature equal to /. 
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Chapter 6 

Gerbes and bundle gerbes 



6.1 Torsors 

In this section we briefly review the definition and basic properties of torsors. 

Definition 6.1 (0). A G- tors or on a space X (here G is a sheaf of groups on X) 
is a sheaf P on X plus an action of G on the right of P, ie a morphism of sheaves 
P X G — i> P, with the property that for any point of X there is an open neighbourhood 
U of that point such that for any open set V G U the set P,{V) is a right principal 
homogenous space under the group G{V). 

Similarly one can define the notion of a morphism P ^ Q between two G-torsors 
on X. One can show that any such morphism is automatically an isomorphism. A 
good example of a torsor is the torsor P_x associated to a principal G bundle P on a 
space X. Here P^x is the sheaf of sections of P. It is then easy to see that the sheaf of 
groups Gx acts on P_x on the right so as to make P^x i^^o ^ G^^^-torsor. 

Suppose we have a morphism of sheaves of groups G ^ H_ over a space X and a 
G-torsor P on X. Then one can construct (see 0[page 191]) an ^-torsor on X denoted 
by Px^^. P x^^ is the sheaf associated to the presheaft/ ^ {P{U)^H{U))/G{U), 
where G{U) acts on H_{U) via the morphism of sheaves G ^ H_- So a section of this 
presheaf would be an equivalence class [p, h], where p is a section of P{U) and h is a. 
section of H_{U), under the equivalence relation (pi, hi) ~ (p2, ^2) if and only if there 
is a section gi2 of G(f/) such that p2 = Pigu and h2 = gi2 ■ hi. Clearly will act on 
the right of P x— ^ so as to make Px—H_ into a ^-torsor. From now on we will only 
be interested in torsors under the sheaf of groups Ax of smooth A valued functions on 
X associated to an abelian group A. 

Given another space Y and a continuous mapping f : Y —>■ X we have the notion 
of the pullback of a A^^-torsor P on X (see [0 [pages 190-191]). We can puUback the 
sheaf P to a new sheaf f~^P_ on Y. This is now a torsor under the pullback sheaf of 
groups f'^Ay on Y. There is a canonical morphism of sheaves of groups f~^Ax — > Ay 
over Y. Hence we can construct, using the method outlined above, an Ay-torsor 
f^^P_ x-^ —X Ay on Y . We will denote this Ay-torsor by /*P. Given another space 
Z and a continuous mapping g : Z ^ Y , we can form two A^-torsors on Z from an 
^jif-torsor P on X; namely {fg)*P_ and g* f*P_. As mentioned in |0] [page 187] these two 
torsors are not identical but there is an isomorphism g* f*P_ — > {fg)*P_ between them 
which satisfies a commutativity condition similar to that of diagram (5-4) on page 187 
of i- 
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Given two torsors P^i and P2 '^^ have the notion of the contracted product 
Ax-toTsoT Pi ^ P2 on X (see [0[page 191]). To construct ® P_2 we first take the 
Ax ^ v4;^-torsor P_i ^ P_2 on X and then using the canonical morphism of sheaves 
Ax ^ Ax ~^ Ax induced by the product map A x A — A, we form the Ax- torsor 
(Zi X P2) x^^^^^ Ax := £1 ® Pa- 



6.2 Sheaves of categories and gerbes 

Definition 6.2 (|j^,0)- A presheaf of categories C on X consists of the following 
data. 

1. for each open set [/ C X a category C{U). 

2. given open sets V C U C X there is a functor pv,u '■ C{U) C(y) — the 
'restriction' functor. We will sometimes denote the image pv,u{C) of an object 
C of C{U) by C\v and the image pv,u{(p) of an arrow (p in C{U) by (f)\v- 

3. given open sets WcVcUcXwe have pw,v ° Pv,u = Pw,u- 

Strictly speaking we should require that rather than the functors pw,v°Pv,u and pw,u 
coinciding, they should differ by an invertible natural transformation which satisfies a 
certain coherency condition given a fourth open subset of X. In most examples that 
we meet however we will not need this generality. A morphism or functor (p : C V 
of presheaves of categories C and V on X consists of the assignment to every open set 
U C X of a functor (pu : Cu ^ Vu in such a way that if V is another open set of X 
with V d U (Z X then the following diagram commutes: 



where the two vertical functors are the restriction functors in the presheaves of cate- 
gories C and v. A natural transformation t : (p ^ ip between morphisms of presheaves 
of categories (p,ip : C V consists of a natural transformation tu '■ (pu ^ i'u for every 
open set f/ C X which is compatible with restrictions to smaller open sets. 

Definition 6.3. A stack or sheaf of categories on X is a presheaf of categories C on 
X which satisfies the following 'gluing' laws or 'effective descent' conditions on objects 
and arrows. The effective descent conditions on objects are as follows. Given an open 
set U C X and an open cover {Ui}i(zj of U together with objects Cj G OhC{Ui) and 
arrows : pu,^,uACi) Pu,,,u,{Cj) satisijing pu^^^^u,^{(pjk)pu,^,,m,{(pij) = Pu^.M^ik) 
then there is an object C of C{U) and isomorphisms %pi : pu^^uiC) Ci compatible 
with the (pij. The effective descent conditions for arrows are that given an open set 
U <Z X, objects Ci and C2 of C{U) and an open cover {f/jjie/ of U together with 
arrows (pi : pc/„c/(Ci) ~^ Pu„uiC2) satisfying pu,,,uX^i) = Pu,j,Uj{<Pj) then there is a 
unique arrow (p : Ci ^ C2 in C{U) such that PUi,u{(p) = (pi for all ? G /. In other words 
the set of arrows from Ci to C2 in C{U) forms a sheaf Hom jC^ , C2). 
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A morphism or functor of sheaves of categories is just a morphism of the underlying 
presheaves of categories. A natural transformation between morphisms of sheaves of 
categories is defined in a similar way. An equivalence of stacks (p : C —>■ V is a morphism 
of stacks such that there is a morphism of stacks ip : V ^ C together with natural 
transformations ip o (p ^ idc and (p o ip ^ idx). If such an equivalence exists then the 
sheaves of categories C and V are said to be equivalent. 

The objects and arrows in an arbitrary presheaf of categories may not satisfy the ef- 
fective descent conditions listed above however, in analogy with the case for presheaves 
and sheaves of abelian groups, there is a functor, the 'sheafification' functor or 'associ- 
ated sheaf functor C ^ C which transforms a presheaf of categories C on X into a sheaf 
of categories C. This is subject to the usual universal condition, namely that given a 
sheaf of categories V together with a morphism of presheaves of categories C ^ T>, there 
is a unique morphism of sheaves of categories C —>■ V making the following diagram 
commute: 

C 



V. 

We will briefly discuss the construction of C and refer to [pages 192-194] for a more 
complete discussion. Given an open set U C X the category Cu has objects consisting 
of triples ({f/jjjg/, {Pj}jg/, {fij}ijei) where {Ui}i^i is an open cover of U, Pi is an object 
of for each i E I, and fij : Pi\uij Pj\uij are arrows in Cf/.^. which satisfy the descent 
condition fjk\u,,Jij\u,jk = fik\u,,k ^u.^^- Given such objects {{Ui}, {Pi}, {fij}) and 
{{Va}, {Qa}, {gais}) of Cu, an arrow ({f/j}, {Pi}, {fij}) {{Va}, {Qa}, {gafs}) is an 
equivalence class [{VFi^a}, {/it,a}] where {M/j,a}je/,aes is an open cover of U such that 



Wia C Ui nVa ioT all i E I, a G T, and hia '■ Pi 



Qa 



is an arrow in C 



which is compatible with the descent data fij and ga/3 in the sense that the following 
diagram of arrows in Cwi^^nWj p commutes: 



iT'j,l3\w, r 



Qa\Wi 

Qplwi.^nw. 



9al3\Wi,^nWjp 

i,/3 ' 



and where two such pairs ({Wj^Q,}, {hi^a}) and ({VF^'q,}, {h[^^}) are declared to be equiv- 
alent if there is an open cover {W"^^}i(zj^aej: of U such that W"^^ C Wi^a H PV^'q, for all 
i G I and all a G S and such that hi^a\w" ~ Ka\w" alH G / and all a G S. 

' i,a ' i,a 

If the presheaf of categories C has the property that given any two objects P and Q 
of Cu for some open set U G X, the set of arrows Hom{P, Q) is a sheaf then one 
can show that C is a sheaf of categories. Otherwise it is not too hard to see that the 

presheaf of categories C has this property and hence C is a sheaf of categories (this is 
analogous to the case for the associated sheaf of a presheaf, in general one has to apply 
the sheafification procedure twice to yield a sheaf — see [^ for more details on this). 
It can also be shown that there is a morphism of presheaves of categories C ^ C with 
the universal property referred to above. 
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Definition 6.4 A gerbe ^ on X is a sheaf of categories ^ on X sucli tliat 

the following three conditions are satisfied: 

1. ^ is a sheaf of groupoids on X, so for each open set U C X the category Q{U) is 
a groupoid. 

2. Q is locally non-empty. This means that there is an open cover {f/jjjgj of X so 
that the groupoid Q{Ui) is non-empty for each i & I. 

3. Q is locally connected. This means that for every open set U G X and all pairs 
of objects Pi and P2 in G{U), there is an open covering {Ui}i^i of U such that 
Hom{pu,,u{Pi), Pu^,u{P2)) is non-empty. 

Example 6.1. Let G be a sheaf of groups on X. For each open subset U G X, let 
Tors{G)u be the groupoid with objects the G torsors P_ on U and morphisms the 
isomorphisms between G_ torsors on U. Given another open set V G U G X there is a 
natural pullback functor pv^u '■ C{U) — >■ C{V) induced by the restriction functors of the 
G torsors. By definition of a sheaf these satisfy pw,vPv,u = Pw,u given a third open set 
W G V G U G X . It is straightforward to show that the assignment U i— > Tors{G_)u 
defines a sheaf of groupoids on X. Tors{G) is locally non-empty since to any open 
covering {f/jjie/ of X there is an object of each groupoid Tors{G)ui — namely the 
trivial G_ torsor on f/j. Tors{G) is also locally connected: given an open set U G X 
and G torsors and P2 then locally and P2 are isomorphic to the trivial G torsor 
and hence to each other. Therefore Tors{G) is a gerbe on X. 

Note 6.1. In several examples that we will encounter we will be given a presheaf of 
groupoids ^ on X which is locally non-empty and locally connected. One can show 
that the associated sheaf of groupoids ^ on X will be locally non-empty and locally 
connected as well and hence will define a gerbe on X. 

Definition 6.5. We say that a gerbe ^ on X is neutral if there is a global object of 
ie if Qx is non-empty. 

Example 6.2. The gerbe Tors{G) is neutral since it has a global object — namely the 
trivial G torsor on X. 

Definition 6.6. Let ^ be a gerbe on X and let A be a sheaf of abelian groups on X. 
We say that Q is bound by A, or has band equal to A if for any object P of G{U), 
where U G X is an open set, there is an isomorphism of sheaves of groups 

Aut(P) ^ A 

over U which is compatible with restriction to smaller open sets. If Pi and P2 are 
two objects of Q{U) and / : Pi — >■ P2 is an isomorphism between them then we also 
require that rjp^ Aut j f) = rjp^. Here Aut { f) : Aut{Pi) Aut jP-?) is the isomorphism 
of sheaves of groups induced by /. 

We will only be interested in gerbes with band equal to C^. A morphism of gerbes 
^ to 7i is a morphism (p : Q ^ H of the underlying sheaves of categories which satisfies 
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the extra condition that given an open set U G X and an object P of Qu, then the 
following diagram commutes: 




A natural transformation between morphisms of gerbes is defined similarly (notice that 
any natural transformation between morphisms of gerbes must be invertible). There is 
also the notion of an equivalence of gerbes and hence the notion of equivalent gerbes. 
Equivalence of gerbes is clearly an equivalence relation. 

Recall from Definition |6.3| above that the set of arrows between two objects Pi and 
P2 in a sheaf of categories is a sheaf Hom jP^ , P2). If Pi and P2 are objects of a gerbe 
then more is true. The sheaf of groups Aut jP-)) acts on Hom jP^ , P2) on the right and 
in fact makes Hom jP^ , P2) into a torsor. We have the following Proposition from 

i- 

Proposition 6.1 Let Q he a gerbe on X with band equal to A for some sheaf of 

commutative groups A on X . Then we have 

1. Let U C X be an open subset and let Pi and P2 be two objects of Qu- Then the 
sheaf of arrows Hom jP^ , P2) is an A-torsor. 

2. Let P be an object of Qjj for some open setU C X and let J be an A-torsor on U. 
Then there is an object Q ofQu such that there is an isomorphism Hom{P, Q) — I_ 
of A-torsors on U. The object Q is unique up to isomorphism and is denoted by 
P x^J. 



6.3 Properties of gerbes 

We will briefly review some ways of constructing new gerbes from existing gerbes from 
[0] [pages 198-200]. First of all suppose we have a gerbe ^ on X with band equal to 
the sheaf of abelian groups A on X. Suppose that there is a morphism of sheaves of 
abelian groups A B_ on X. Then we can construct a new gerbe on X, bound by 
S and denoted Q x— B_ as follows. First we construct a presheaf of groupoids on X 
by letting {Q x— M.)u have objects the objects of Qu but given two objects Pi and P2 
of {g x^B)u we let Hom^g x^B)u{Pi, P2) = Homg^{Pi, P2) x^B. This presheaf of 
groupoids is clearly locally non-empty and locally connected. We define g x—B_ to be 
the sheaf of groupoids associated to this presheaf. 

Given two gerbes ^1 and ^2 on X bound by we have the notion of the contracted 
product gerbe ^1 ^2 on X. This is also a gerbe bound by C^. It is constructed 
as follows. We first form the gerbe ^1 x ^2 on X, ie the sheaf of groupoids U (—> 
gi{U) X g2{U). This is gerbe bound by x CJ. Ordinary multiplication in 
induces a morphism of sheaves of abelian groups x — ^ C^. We define ^1 ® ^2 = 
(^1 X ^2) x^x^^x Cx — see 0][page 200] for a direct description of this gerbe. 

Suppose ^ is a gerbe on X. Then we have the notion of the dual gerbe g* on X 
associated to g. g* is defined as follows. We let g* have fibre g*{U) at open set ?7 C X 
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equal to the opposite groupoid Q{U)° of G{U). Given open sets V C U C X, Q* inherits 
restriction functors Q*{U) G*(y) from the puy : G{U) QiV). These restriction 
functors satisfy the compatibihty condition given a third open set W G V G U G X. 
It is not hard to see that the assignment U i— > Q*{U) defines a sheaf of categories and 
it is also easy to see that this stack is locally non-empty and locally connected and 
hence defines a gerbe. 

Given a smooth map f : Y X between smooth manifolds X and Y and a gerbe C 
on X bound by CJ, we have the notion of the pullback gerbe f~^C onY — see 0][page 
198]. This is a gerbe bound by the sheaf of groups /^^C^ on X. f~^C is obtained by 
sheafifying the presheaf of categories U t— > f~^Cu, where f'^Cu is the groupoid whose 
objects consist of pairs (V, P), where C X is an open set of X such that f{U) C V 
and P is an object of Cy. An arrow (Vi, Pi) (V2, P2) is an equivalence class [1^12, 0:12], 
where Wu C X is an open subset of X such that f{U)G Wu and W12 C Vi fl V2 and 
«i2 : -Pi|vKi2 ~^ P2\wi2 is an arrow in Cwi2, under the equivalence relation (W12, Qu) ~ 
(1^12? '^'12) if there exists an open set ^ X with W^^ <^ ^12 H f{U) C 
and ai2|^y" = Oii2\w" ■ If we have a third object (V3, P3) and an arrow [14^23, ^23] from 
(^2,^2) to (Isj-Pj), then the composite arrow [W^23, a23][W^i2, "12] : ^ (^2,-P2) 

is defined by [W^23, "23] [W^i2, "12] = \W2'i^Wi2,a22.\w23nWi2(^i2\w23nWu]- One can check 
that this respects the equivalence relation ~ defined above. One can check (see 
[Proposition 5.2.6]) that the presheaf of groupoids f~^C is locally non-empty and 
locally connected and hence the same will be true of the sheaf of groupoids associated 
to f-'C. 

We will usually want f^^C to be a gerbe bound by Cy. We can arrange this 
as follows (see |^[page 203]). Observe that we have a morphism of sheaves of groups 
f ^^^LX ^n*^ hence we can form a new gerbe bound by Cy in the manner described 

above. We will use the notation of and denote this new gerbe on Y bound by Cy 
by rC. 

We also have the following Lemma. 



Lemma 6.1 (l^). Suppose we have smooth manifolds X , Y and Z and smooth maps 
f : Y ^ X and g : Y ^ Z . Suppose we are also given a gerbe C on X . Then there is an 
equivalence of gerbes (pj^g : g~^f~^C {fg)^^C on Z such that, given a fourth smooth 
manifold W and a smooth map h : W ^ Z then there is a natural transformation 
between the equivalences of gerbes as pictured in the following diagram: 



h-'g-'f~'C~-^%-\fg)-^C 



4>a.h 




(gh)-^f-^C-—^{fghy'C 



<t>f.gh 



The natural transformation Of^g^h satisfies the following coherency condition: given a 
fifth smooth manifold V and a smooth map k : V ^ W we require the following diagram 
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of natural transformations to commute. 

k-^h-^g-^f-^C- 



k-'h-\fg)-^C 



{hky'g-'f-'C 



{hk)-'g-^f-'C 




k-\fgh)-^C 



k-\fgh)-^C 



{ghk)-'f-'C 



ifghky 



There is also a version of this Lemma with f ^ replaced by f* . 

We now turn to discuss the characteristic class associated to gerbes, the Dixmier- 
Douady class. This is a class in the sheaf cohomology group if^(X;C^) and hence we 
can regard it as a class in H^{X] Z) via the long exact sequence in sheaf cohomology 
induced by the short exact sequence of sheaves of abelian groups 



Z 



■X 



1. 



We briefly recall how to construct this class and refer to |0] and for more details — 
particularly where there is no assumption made about gerbes being bound by sheaves 
of abelian groups. We also assume throughout the remainder of the chapter that all the 
gerbes we encounter are gerbes over a smooth paracompact manifold X. Let C be such 
a gerbe and choose an open covering {Ui}i^i of X such that each non-empty intersection 
UiqC] - ■ - n Ui^ is contractible. Since f/j is contractible we can choose objects Ci of C{Ui). 
Choose arrows fij : pu.^^u^{Ci) Pu^j,Uj{Cj) in C{Uij). It is not immediately obvious 
that such arrows exist — indeed the axioms for a gerbe only imply that given a choice of 
the objects Ci there is an open cover {?7j"}aeSij of Uij such that there exist arrows f°j : 
Pu^-,u,{Ci) ~^ Pufj^Uj {Cj) for each a G Sjj. This is the viewpoint taken in p. To see that 
in fact the arrows f^ exist in the present case we use Proposition IGT^ to conclude that 



the sheaf Isom (pjj,^,jj, (Cj), pjjjj.Jij ^^j)) is a C^.^ torsor. Such objects are classified by the 
sheaf cohomology group H^{Uij,Cl 
This means that there is an isomorphism fij 



which is zero, since Uij is assumed contractible. 



■XQ) - Pu.^uACj)- Now, 



m 



PU^, 

Cc/,,.fe, we form the automorphism pu,^,,uMki)pu,,k,Ujkifjk)pUijMAfij) Pu,jk,uXCz) 
and identify it with a map eijk : Uijk — > under the isomorphism Aut id) — >• C^.. It 
is easy to see that in fact e^jk defines a valued Cech two cocycle which is independent 
of all choices involved. The class eijk defines in H^{X] CJ) is called the Dixmier-Douady 
class of the gerbe C, and denoted by DD{C). We summarise the main properties of the 
Dixmier-Douady class in the following proposition. 



Proposition 6.2 ([0|). The Dixmier-Douady class has the following properties: 
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1. The Dixmier-Douady class of the trivial gerbe Tors(Cj) is zero. 

2. The contracted product C ®T> of two gerbes C and V on X has DD{C ®T>) = 
DD{C) + DD{V). 

3. The dual C* of a gerbe C has DD{C*) = -DD{C). 

4- If f : Y X is a smooth map and C is a gerbe on X then f*C has Dixmier- 
Douady class DD{f*C) = f*DD{C). 

Equivalence between gerbes defines an equivalence relation on the class of all gerbes 
on X and the operations of contracted product and duals make the set of equivalence 
classes of gerbes on X into an abelian group with identity element the trivial gerbe 
of torsors on X . The Dixmier- Douady class supplies an homomorphism from the 
group of all equivalence classes of gerbes to i/^(X;C^). This homomorphism is an 
isomorphism. 

It is worth noting that given gerbes C and V on X with a morphism ip : C ^ T> 
between them which is not necessarily an equivalence, then C and T> have the same 
Dixmier-Douady class. Indeed, given an open cover {t/jjie/ of X and objects Ci of C{Ui) 
and arrows fij as above, then we get objects (pu.id) of T^iUi) and arrows (pUijifij) of 
T>{Uij) which give rise to the same Cech two cocycle eijk as for C. 

6.4 The gerbe HOM(V, Q) 

Proposition 6.3 ( ||19|| ). Given two gerbes V and Q on M , both bound by C/^j, we can 
form a new gerbe HOM(V, Q) on M also bound byC^.j. The fibre of HOM{V, Q) over 
an open set U of M is HOM{V, Q){U) = Hom{P{U), Q{U)) — that is to say the cate- 
gory with objects equal to the morphisms between the gerbes V{U) and Q{U) and whose 
arrows are the natural isomorphisms between these morphisms. Furthermore there is 
an equivalence of the gerbes HOM{V, Q) and V* ®Q on M . There is also a 'subgerbe' 
of HOM{V, Q), namely the gerbe EQ{V, Q) whose fibre at an open set U G M is 
EQ(V, Q){U) = Eq{V{U), Q{U)) , ie the category whose objects are the equivalences 
of gerbes Vu Qu and whose arrows are the natural transformations between these 
equivalences. Clearly there is a morphism of gerbes EQ{V, Q) —>■ HOM{V, Q) and 
hence the gerbes EQ(V, Q), HOM(V, Q) and Q®V* are all equivalent. 

Note that this does not require that V and Q are equivalent gerbes. 

Proof. To show that this does indeed define a gerbe we first of all need to show that 
the assignment U —>■ HOM{V, Q){U) defines a stack in groupoids on M — that is 
the gluing laws for objects and arrows are satisfied — and that HOM[V, Q) is locally 
non-empty and locally connected. Note that by definition HOM{V, Q)u is a. groupoid. 
Also HOM{V, Q) defines a presheaf of categories by definition of a morphism of gerbes. 
Explicitly if V G U are open subsets of M then there are natural restriction functors 
HOM{V, Q)u HOM{V, Q)v obtained by restricting a morphism (f)u : Vu ^ Qu fo 
V and similarly for natural transformations. We have to show that in fact HOM{V, Q) 
defines a sheaf of categories. 

Suppose then that we are given an open set U G M together with an open cover 
{Ui}iQi of U by open subsets Ui of M such that there exist objects (ie morphisms of 
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gerbes) 0j of HOM{V, Q)ui for every z e / and arrows (ie natural transformations) Oij : 
4>i\u,, =^ <Pj\u,j in HOM{V, Q)u,, which satisfy the gluing condition Ojk\u,jk^ij\u,jk = 
(^ik\uijk in HOM{V, Q)uijk- We need to construct a morphism of gerbes (p : Vu —>■ Qu 
which is isomorphic to (pi when restricted to Ui. Let V C U and suppose P is an object 
of Vv- Consider the objects (pi\vnUi{P\vnUi) of QvnUi- The natural transformations 
Oij provide arrows Oij\vnUij{P\vnu,j) ■ <Pi\vnUiiP\vnUi)\vnu,j ^ 0j|vn(7,(^|ync/,)|ync/,, 
which are descent data in the gerbe Q because of the condition Ojk\uijk^ij\u,jk — ^ik\uijk- 
Let the descended object of Qv be Q say. We put (f)v{P) = Q- In a similar way one 
can define the action of (pv on arrows of Vy and it follows from the uniqueness of 
gluing in sheaves that this defines a functor. It is also not hard to see that that this 
functor is compatible with the restriction functors in V and Q and induces the identity 
morphism on the bands of the gerbes V and Q. Finally, note that since Q is the 
descended object for the descent data (pi\vnUi{P\vnUi) and Oij\vnUij{P\vnUij) there are 
isomorphisms Xi '■ Q\vnu, ^ (pi\vnuAP\vnu^) compatible with the 9ij\vnu^,{P\vnu,j)- 
These isomorphisms induce natural transformations, also denoted Xi from (pu- to (pi. 

We now have to show that arrows glue properly. Suppose we are given morphisms 
of gerbes (p,ip '■ Vu Qu, ie objects of HOM(V, Q)u, and suppose also that we are 
given an open cover {t/jjie/ of U by open subsets Ui of M such that there exist natural 
transformations Tj : (pu. =^ ipjj- for each i & I such that rj|[/. . = Tj\u... Let P be an 
object of Vu and let Pi = P\ui- The provide arrows rj(Pj) : (pUiiPi) — > i^uXPi) 
in Qui- Since (p and ip are morphisms of gerbes we can think of the Ti{Pi) as arrows 
(PuiP)\u. - MP)\u.- We have r,(P,)|^,^. = Ti\ujP\u.,) = r,\ujP\u^^) = r,(P,)lf/..- 
Since Q is a gerbe and hence a sheaf of groupoids, there is a unique arrow tjj{P) : 
4>u{P) i^uiP) such that Tu{P)\ui = 'Ti{P\ui)- The assignment P t— > tjj{P) defines a 
natural transformation. Hence HOM{V, Q) is a sheaf of groupoids. 

We will omit the proof that HOM{V, Q) is locally non-empty and locally connected 
and refer instead to [|1^ where it is also shown that HOM{V, Q) has band equal to 

To show that there is an equivalence of gerbes between HOM{V, Q) and V* ® Q, we 
calculate the Dixmier-Douady class of HOM(V, Q). Choose an open cover U = {Ui}i^i 
of M such that there exist morphisms (pi : Vi —>■ Qi where Vi and Qi denote the 
restriction of V and Q to Ui respectively. We can choose the open cover U so that 
there exist natural isomorphisms aij : (pi\uij =^ (pjluij in HOM(V, Q){Uij). Then 
the Dixmier-Douady class of HOM{V, Q) will be given by choosing an object P G 
Ob{V{Uijk)) and forming the cocycle aki\uijkiP)<^jk\uijkiP)(^ij\uijkiP)- We want to 
relate this cocycle to the cocycles representing the Dixmier-Douady classes of V and 
Q. 

To do this we first need to choose objects Pi E Ob {V{Ui)) for each i E I. Again 
we can assume that there exist arrows fij : Pi\ui- Pjlui- in V{Uij). Since aij is a 
natural transformation we get the commutative diagram 

,■ 1 1/„ ) ^ (pi I U^■j [^j I U 



O'ijiPjlUij) 



<Pj I l-n I u,j ) ^ <Pj I u,j [-Tj I u,, ) ■ 

This induces the following diagram of arrows in Q{Uijk) (We have omitted some re- 
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striction functors for convenience of notation). 

'PjiPi)\u,j, ^<PjiPj)\u,j, ^(pjiPk)\u,j, ^ <PjiPi)\u,j, 

MPi)\u,,k) — ^MPj)\u,jk — ^MPk)\u,,k — ^MPi)\u,jk 

aki{Pi)\u, 

^ (l>t{Pj)\u,,k ^ (l>i{Pk)\u,j^ ^ (piiP-dlu^jk 

The diagonal arrow is a cocycle representing the Dixmier-Douady class of the gerbe Q, 
while the bottom horizontal arrow is a cocycle representing the class of V. Since the 
left vertical arrow represents the Dixmier-Douady class of HOM{V, Q), we must have 
DD{HOM{V,Q)) = DD{Q)- DD{V). □ 

For us the main point of this Proposition is that one can glue a family of locally 
defined morphisms between two gerbes together to form a global morphism between 
the two gerbes. This is also the case for bundle gerbes and stable morphisms between 
bundle gerbes. More precisely, suppose we have bundle gerbes (P, X, M) and (Q, F, M) 
together with stable morphisms 0j : P\ui — > Qui where U = {t/j}ig/ is an open cover 
of M. Suppose we also have transformations 9ij : 0i =^ between the restrictions of 
the stable morphisms 0j and (pj to Uij which satisfy the gluing condition Oj^Oij = 6ik 
on Uijk- Then there is a stable morphism (p : P ^ Q together with transformations 
'■ (plui ^ (pi which are compatible with 6ij. 

To see this suppose the stable morphisms (pi correspond to trivialisations L^. = Li 
of P*®Q on X Xjj.Y. Then the transformations 6ij provide isomorphisms 6ij : Li —>■ Lj 
over X Xjj-^ Y. The gluing condition OjkOij = Oik translates into the condition OjkoOij = 
Oik- Hence we can use the standard clutching construction to glue the various principal 

bundles Li together to form a trivialisation L defined on the whole of X x a/ Y . 

Unfortunately there is no general method for gluing together bundle gerbe mor- 
phisms; ie given bundle gerbes (P, X, M) and {Q,Y,M) together with locally defined 
bundle gerbe morphisms fi : P\ui Q\ui ci^^d transformations of bundle gerbe mor- 
phisms 6ij : fi\u,^ fjluij satisfying the gluing condition 6jk6ij =_6ik over Uijk then 
there is no general way to construct a bundle gerbe morphism f : P ^ Q which 
restricts to /j. 





6.5 The gerbe associated to a bundle gerbe 

We will briefly review a construction given in |Q which associates a gerbe G{P) to 
a bundle gerbe (P, X, M) in such a way that DD{P) = DD{Q{P)). Given an open 
set U <Z M we define a groupoid Q{P)u as follows. The objects of G{P)u consist 
of line bundles L —>■ Xu = tt~^{U) together with an isomorphism t] : 6(L) —>■ P^m 

of line bundles covering the identity on = {'k^'^^)^^{U) and commuting with the 
bundle gerbe products. (Here we regard 5{L) as a trivial bundle gerbe). An arrow in 
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Q{P)jj from an object {Li,r]i) to an object (1^2, ?72) is an isomorphism of line bundles 
a : Li L2 which is compatible with rji and 1]2 in the sense that ri26{a) = rji. Given 
another open set V with V G U G M then are canonical puUback functors pv,u '■ 
Q{P)u ~^ G{P)v satisfying pw,vPv,u = Pw,u- In 01 it is shown that the assignment 



U G{P)u defines a gerbe. To see that the band of this gerbe is equal to C^j, note 
that if (L,-)]) is an object of Q{P)u then, since we may identify an automorphism a 
of {L^rf) with a function / : Xu — > C^, the condition rj5{a) = r] forces 6{f) = 1 
and so / must descend to a function f : U ^ C^. In this way we can construct 
an isomorphism Aut{L, rj) = which is compatible with restriction to smaller open 
sets and with isomorphisms Aut{Li,rii) — > Aut{L2,ri2) induced by an isomorphism 
(Li,?7i) — > {L2,ri2). The advantage of this construction is that one does not need to 
apply a 'sheafification' procedure to force objects and arrows to satisfy the effective 
descent conditions. To see that the objects of Q{P)u satisfy effective descent note that 
if {Ui}i(,i is an open cover of U, {Li, rji) are objects of Q{P)u, and a^- : {Li,r]i)\u^^ 
{Lj,rij)\u.^ are arrows of Q{P)u.^ satisfying ajkaij = aik then we can glue the hne 
bundles Li together with the aij using the standard clutching construction to form a 
line bundle L on Xu. The rji glue together to form an isomorphism rj : 6(L) —>■ Pym 

which trivialises Py[2]. Similarly one can show that the arrows of Q(P)u satisfy the 
effective descent condition. 

To see that G{P) had Dixmier-Douady class equal to that of the bundle gerbe P, 
choose an open cover {t/jjie/ of M, all of whose non-empty intersections t/jg fl ■ ■ ■ fl Ui^ 
are contractible, such that there exist local sections Si : Ui ^ X of vr. We can define 
objects {Li, rji) of Q{P)ij- by setting Lj = s^^P [2], where Sj : Xu- x!^' is the 

map which sends x G Xu to {x, Si{7T{x))) G xlf. rji : 6{Li) —>■ P [2] is induced by the 

bundle gerbe product on P. We can define arrows aij : (Lj, rii)\uij ~^ i^ji Vj)\uij by first 
choosing sections CTjj : Uij — > (sj, Sj)~^P and then defining a jj(Mj) = mp{a{'KL.{ui))®Ui) 
for Ui G Li, where vr^,. : Lj Xu^ denotes the projection. If we now calculate the Cech 
cocycle representative for the Dixmier-Douady class of Q (P) from this data, then we get 
it exactly equal to the cocycle for the bundle gerbe P. We summarise this discussion 
in the following proposition. 



Proposition 6.4 ( [|34|| ) . Given a bundle gerbe {P,X, M) the assignment U t-^ Q{P)u 
defined above is a gerbe with Dixmier-Douady class equal to the Dixmier-Douady class 
of the bundle gerbe P. 



Note 6.2. One can show that a bundle gerbe morphism f : P ^ Q induces a mor- 
phism of gerbes G{f) ■ G{P) G{Q) and that a transformation 9 : f ^ g induces 
a transformation Q{6) : Q{f) =^ Q{g) between the induced morphisms of gerbes. 
Thus we can think of Q as furnishing us with a 2-functor from the 2-category of 
bundle gerbes and bundle gerbe morphisms to the 2-category of gerbes. Given two 
bundle gerbes Pi and P2 on M one can show that there is an equivalence of gerbes 
Q{Pi P2) — Q{Pi) ® Q{P2) and one can show as well that given a bundle gerbe P on 
M and a smooth map f : N ^ M there is an equivalence of gerbes Q{f^^P) — f*Q{P). 
Unfortunately I have been unable to show that these equivalences behave as one would 
like; namely that the equivalence Q{f~^P) ^ f*Q{P) commutes with the equivalences 
(f)f^g of Lemma pTT| and the equivalence Q{Pi ®P2) — Gi.Pi) ®G{P2) commutes with the 
equivalence Qi ® {Q2 ® ^3) — {Gi ® Q2) ® G3 of gerbes Gi, G2 and G3 on M. 
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We now wish to show how a bundle gerbe (P, X, M) with bundle gerbe connection 
V and curving / gives rise to a connective structure and curving on the associated 
gerbe G{P)- We first need to recall the definition of connective structure and curving 
from and g. 

Definition 6.7 (0, [§]). Let ^ be a gerbe on a smooth manifold M. A connective 
structure on ^ s given by the following data. 

1. For every open set U C M, an assignment to each object P of Q{U) of an (^j^j- 
torsor Co{P) on U which is compatible with the pullback functors pv,u- Sections 
of Co{P) are usually denoted by V. 

2. Given objects Pi and P2 of Qu and an isomorphism / : Pi — P2, there is an 
isomorphism /* : Cq{Pi) Cq{P2) of fi];,/ torsors on U, which is compatible 
with composition of morphisms in Q{U) and with the pullback functors pv,u- 

3. Given an object P of Q{U) and an automorphism f : P ^ P then we require 
that : Cq{P) C_o{P) is the automorphism defined by V 1^ V + c?///, where 
we regard / as an element of C^. 

A curving for a connective structure on a gerbe Q on M consists of an assignment 
to each open set U C M, each object P of Q{U) and each section V of Co{P) of a two 
form /(P, V) on U satisfying the following conditions: 

1. For objects Pi and P2 of Q{U) and isomorphisms : Pi ^ P2 in Q{U) we have 
/(Pi, V) = /(P2,0*(V)) for all sections V of C:o(Pi). 

2. If y4 is a one form on U then for any object P of Q{U) and any section V of 
Co{P) we have /(P, V + A) = f{P, V) + dA. 

3. Given open sets V C U C M, an object P of G{U) and a section V of Co{P), 
the assignment (P, V) ^ f{P, V) is required to be compatible with restrictions 
to smaller open sets. 

We now show how a bundle gerbe connection V with a curving / on a bundle gerbe 
(P, X, M) gives rise to a connective structure and a curving on the associated gerbe 
Q{P) on M. Let U C M be an open subset of M. Let {L^rf) be an object of Q{P)u. 
Let Vl be any connection on L. Vl induces a connection 5(Vl) on 5{L). We also 
have the connection ri~^ o V o on 6{L) induced by V. These two connections must 
differ by the pullback of a one form A on X\j . Since V is a bundle gerbe connection, 
we must have 5 {A) = 0. Hence we can solve A = S{B) for some one form B on Xu. 
Therefore if we had originally defined to be equal to Vl — P then we would have 
5(Vz,) = T]~^ o V o r/. Therefore we define Co(L,r]) to be the torsor consisting of 
the connections Vl on L satisfying 5(Vl) = o V o r/. It is clear from the previous 
discussion that this does indeed define an fi^ torsor. It is also clear that the conditions 
(1) and (2) above are satisfied. To see that condition (3) is satisfied, let f : U ^ 
be an automorphism of {L,ri) under the isomorphism Aut{L,T]) = C]^^. Then if Vl 
is a section of Co{L,ri) then we have /*(V) = V + Tc*{df/ f), as required. To define 
a curving for this connective structure, simply f{L,ri,'S/L) be the two form Py^ ~ / 
where Py^ is the curvature of the connection Vl on L. Since 5(Pvi ~ /) = we 
may identify f{L,ri, Vl) with a two form on U. This clearly defines a curving for the 
connective structure on G{P). 
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6.6 Higher gluing laws 



In this section we discuss how to glue together a family of gerbes Qi defined on an open 
cover {Ui}i(zj of M to get a gerbe defined on the whole of M. This has an extra level of 
complication in that the gluing morphisms (pij : Qj — >■ Qi need not satisfy 4>jk4>ij = 4>ik 
but rather there is a natural transformation ipij^ : (pjk'Pij =^ 4'ik satisfying a certain 
cocycle condition over Uijki- The triple {Qi,4>ij,ipijk) is called 2-descent data. We will 
need the results of this section in Chapter [1^. 

Proposition 6.5 ([^). Suppose we are given an open cover {f/jjjg/ of X and gerbes 
Qi on Ui for each i E I as well as morphisms of gerbes (pij : Qi Qj between the 
restrictions of the gerbes Qi and Qj to Uij, which satisfy ipu = idg-. Suppose we are also 
given natural transformations ipijk ■ fjk\ui k^ij\ui k ^ fik\ui k ^^^''^ ^ijk which satisfy 
the following condition (the non-abelian 2- cocycle condition): the diagram of natural 
transformations below commutes: 




What this means is that after pasting together the natural transformations in each 
diagram, the two natural transformations between the morphisms bounding the above 
diagrams are equal; so in other words we have 

^ikii^iPki ° i^ijk) = i^ijii'ipjki o i^^J. 

Then there exists a gerbe Q on X and an equivalence of gerbes Xi '■ G\ui ~^ Qi over 
Ui together with natural transformations C,ij '■ <^ijXi\ui- ^ Xjlui- which are compatible 
with the natural transformations ipijk in the sense that the following diagram of natural 
transformations commutes: 



y I u,jk ^ Qi y I u^jk ^ Qi 




In other words we have 

iik{lpijk O IxJ = ° iij)- 

We have an analogue of the above proposition for bundle gerbes and stable mor- 
phisms. We have to exercise a bit more care here though because composition of 
stable morphisms is not strictly associative but rather associative up to a coherent 
transformation (see Proposition p.9|) . 
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Proposition 6.6. Let {Ui}i^j be an open cover of M by open subsets Ui of M. Suppose 
for each i E I we have a bundle gerbe {Qi,Yi,Ui) over Ui such that for each pair 
with the intersection Uij non-empty there is a stable morphism fij : Qi Qj 
corresponding to a trivialisation {L f.,. , (p f..) of Q* ® Qj- We require that the stable 
morphisms fij satisfy fji = fij in the notation of Section ^.4 so that fij corresponds to 
the trivialisation ofQ*®Qi given by (Lj. ,0^^ ,). Suppose also there is a transformation 
dijk '■ fjk ° fij =^ fik of stablc morphisms over Uijk which satisfies the condition 

over Uijki- Then there is a bundle gerbe {Q, Y, M) on M together with stable morphisms 
Qi '■ Q\ui ~^ Qi over Ui such that there exist transformations of stable morphisms 
^ij : fij o Qi =^ Qj over Uij which satisfy the compatibility condition 

^jki^fjk ° ^ij) = ^ik{dijk o I9J 

with 6ijk over Ujk- 

Proof. Recall that the stable morphism fjk o fij corresponds to the trivialisation 

of Q* ® Qk which is obtained by descending the bundle Lj.^^, ® Lf-. ® Q* on Yi x ^ 
Yk "Xm Yj to Yi Xm Yfc. In particular, this implies that the following isomorphism is 
true on Yi Xm Yk Xm Yj^^: 

Lf,uoh,-Lf^,®Lf^^®Q*. (6.1) 

The two trivialisations Lj.^. and Lj^^o/,,, of Q* ® Qk differ by the pullback to Yi x m Y^ 
of a bundle Jijk on Uijk- So we have 

Lf.koh, - Lf,, ® T^Y!>CMYAjk- (6-2) 
dijk is then a section of the bundle Jijk on Uijk- From equations 6A and 5^2 we have 



~ Lf^^®L (g) O 7r~'^ Jjki 
~ Lf^^of,, <S)Q*j® Qj ® n'^Jjki 

~ Lf.^®'K'^{Jjkl®Jijl), 



where we have denoted the various projections to M by vr. Using equations B?T] andp^ 
again we get 

- Lf^^®Lf^^®Ql®'n-^Jijk 

- Lf,,of,, (S)Qk®Ql(S) n-^Jijk 

Lf^^®TX^^{Jikl® Jijk), 
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where again we have denoted the projections to M by n. The transformation Of.^j^^j^,^ 
provides an isomorphism Lf^^o(fjkofij) — L(f^iofjk)ofij which is compatible with the triv- 
iahsations (t^fkioifjkofi,) ^"^^ 'P{fkiofjk)ofij- follows from the series of equations above 
and the property of Ofi^j^^j^i just mentioned that there is an isomorphism 

Jjkl ® Jijl — Jikl ® Jijk 

over Uijki- The cocycle condition on 9ijk is that the section 6jki ® of Jjki ® Jiji 
is mapped to the section 9iki %fc of Jiki ® Jijk under the this isomorphism. We 
now define the bundle gerbe {Q, Y, M) as follows. We put Y equal to the disjoint 
union Yiii^i ^« with the obvious projection Y M. The fibre product y '^1 is equal 
to the disjoint union 

Uije/^i ^Uij Yy Define a bundle Q on F^] pitting 
QlyiXA/Vj = -^/ij- W^e now need to define a bundle gerbe product on Q. This will be a 
bundle isomorphism L^^,^ ® L/^,, — > L/-^, covering the identity on Yi Xm Yj Xm Yk 



which satisfies the associativity condition. Note that from equations |6.1| and p.2| we 
have the isomorphism 

Lf,k ® ^/.. - Lf^, (S) Qj (S) n-^J^Jk 

of bundles on Yi x m Y^^ XMYk. If we embed Yi XmYj XMYk inside Yi x m yJ'^^ x m 
Yk by sending {yi,yj,yk) to {yi,yj,yj,yk), then using the section %fc of Jijk and the 
identity section of Qj over the diagonal, we can construct an isomorphism Lf.^^Lf^^ — > 
Lf-^. The coherency condition on 6ijk shows that this product is associative and hence 
{Q, Y, M) is a bundle gerbe. 

We now need to show that there is a stable morphism gi : Q\u. ^ Qi, ie a. trivialisa- 
tion (Lg-, (pg-) of Q*®Qi over Ui. The bundle Lg- lives over Y x^Yi = Uje/ ^ M^i- 
Let Lg. be the disjoint union of the bundles Lf_... Since fji = fij the isomorphism 
-^/fcj ®Qi — Lfki ® ^fij becomes L*^, wliicli shows ttiSjt Lg^ trivisjliscs 

Q* ® Qi- 

Finally we have to define transformations ^ij : fij o Qi ^ Qj-, compatible with 9ijk 
in the appropriate sense. We have two trivialisations Lf-.og^ and Lg^ of Q* ® Qj and 
hence there is a bundle Dij on Uij such that Lf.-og^ = Lg^ ®TT~^Dij where vr denotes 
the projection Y XMYj — > Uj. Therefore we have Lf-.og^ Qi — Lg. <S) Qi ®i n'^Dij, 
an isomorphism of bundles on Yikei ^AiYj ^ m On each constituent YkXM 
Yj X M YI of the above disjoint union this isomorphism takes the form 

Lh, ® Lfk. - Lf,, ®Qi® vr-^Ai- 
From equations |6.1| and p.'J\ we have 



~ Lf^^^-K'^Jkij^Qi- 



This shows that there is an isomorphism n^^Dij ~ T^^^Jkij on Yk Xm Yj Xm y}'^K 
Therefore ir^^Okij induces a section of n^^Dij which descends to a section ^ij of 
Dij. Because of the coherency condition satisfied by 9kij, it follows that ^ij will be 
compatible with Oijk- □ 

We have the following generalisation of the above proposition which we will need in 
Chapter |13. 
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Proposition 6.7. Suppose n : X M is a surjection admitting local sections and that 
(P, Y, X) is a bundle gerbe on X such that there is a stable morphism f : n^^P t^2^P 
corresponding to a trivialisation {Lf,(f)f) ofn^^P* ®t:2^P. Suppose also that there is 
a transformation 'ip : tt^^ f o ti^-^ f ^ 712^ f as pictured in the following diagram: 



-1 1 



-1 r 

'^3 / 



^2 ^1 ^— rr^: 




■^2 f 



2 "2 



3 "2 



if) is required to satisfy the coherency condition that the following diagram of transfor- 
mations commutes: 



^TTg V O V O TTi 'f =^ Tl ^ ^f O ^f O -K^ V{ 



-1„-1 



1„-1 



-1„-1 



1 _1 _1 OTT, 

^3 ^^3 V ° '^l^'^2^f 



7^3 ^TTg V O TTg V 

-1 -1 



— i — i C 

T^Z '^2 i ■ 



— 1 —1 r — i — i f 



1„-1 



'^2 ^2 /• 



VFe will write this condition figuratively as Hi^ip ® '^2^4'* ® T^^^'i' ® ^4 ""^V^* = 1- Then 
there exists a bundle gerbe {Q, Z, M) on M and a stable morphism rj : P ^ n^^Q 
together with transformations ^ : 1X2^^ ° 4> ^ '^i^V which are compatible with the 
transformations ip in the appropriate sense. The converse is also true. 

Proof. Choose an open cover {f/j}jg/ of M such that there exist local sections Si : 
t/j — > X of TT : X ^ M. Form the puUback bundle gerbes Pi = s^^P. The stable 
morphism / : vrf 7^2^ P induces a stable morphism : Pj Pj by pullback: 

fij = {si, Sj)~^f, and the transformation ip induces a transformation ipijk : fij o fjf. =^ 
fik by pullback as well: ipijk = {si, sj, Sk)~^i'- The transformation ipijk satisfies the 
condition 

Therefore we can apply Proposition ^]6| to find a bundle gerbe {Q, Z, M) on M and 
a stable morphism Qi : Q\ui Pi and transformations '■ (pij o gj =^ Qi which are 
compatible with the transformations ipijk (the fact that the stable morphisms fij go 
from Pj to Pi rather than from Pj to Pj is of no consequence). We need to construct a 
stable morphism rj : tx'^Q — > P. Let Sj : Xj ^ X'^l denote the map x 1— >■ (a:, Sj(7r(x))). 
/ induces a map (sj07r)~^P P\xi by sp^ f . Therefore we can define a stable morphism 
rii : {n~^Q)\x, P\x, by composition: 
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Next we define transformations 6ij : r]i =^ r]j by composition as indicated in the follow- 
ing diagram: 



^-\Q\u.,) 




ie 6ij = (Sj^V ° lvr-i(;j)(ls~i/ o ^ "^C-j^)- Here Sij : Xij X^^l is the map x h-y 
[x, Sj(7r(x)), Sj{TT{x))). Because of the compatibility of with tpij^ we have OjkGij = Oik- 
Hence we can glue the stable morphisms rji : (vr~^(5) |x, —>■ P\xi together to form a stable 
morphism rj : 7r~^Q ^ P. We now need to define the transformations X '■ f ° "^i^V ^ 
7i2^V S'lid prove they are compatible with ^. It is sufficient to define transformations 
Xi '■ f ° "^i^Vi ^ '^2^Vi which are compatible with the gluing transformations Oij. Xi 
is induced from ip by puUback with the map xf^ — > which sends (xi,X2) G xf^ 
to (xi, X2, Si(m)) where ti{xi) = 7t'{x2) = m. We try to indicate this in the following 
diagram: 



1^-1 



TTo TT 



TTo TT 



Xi 



One can check that the Xi are compatible with the 6ij and also that the glued together 
transformation x is compatible with ip. □ 



We conjecture that there is also a version of this proposition for gerbes: 

Conjecture 6.1. Let it : X ^ M be a surjection admitting local sections. Suppose 
there is a gerbe Q on X together with a morphism of gerbes : vr*^ — >■ 712^ over X^^l 
which makes the following diagram commute: 



where the two vertical equivalences are induced by the equivalence of Lemma |g. j| and 
A : X — > Xl^] is the inclusion of the diagonal. Suppose also there is a natural transfor- 
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mation tjj between morphisms of gerbes over X^^^ as pictured in the following diagram: 



nlnlG Tilling (vrs o Tri)-^)*^? — (tti o ttsYG 




We also require the natural transformation ijj to satisfy a coherency condition over 
This is basically the non-abelian 2-cocycle condition referred to in the last proposition 
but with the extra complication of having to insert equivalences of gerbes between dou- 
ble pullbacks and natural transformations between diagrams of such equivalences as in 
Lemma \6. 1\ . Observe that we may pullback the natural transformations ip to form new 
natural transformations irlip, t^2'^, and so on between the appropriate morphisms of 
gerbes. We can then form the diagrams 




and 




Paste together the natural transformations in the first of the above two diagrams to 
yield a single natural transformation between the morphisms of gerbes bounding the 
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diagram. Finally we can state the coherency condition on the natural transformation 
ip: the following diagram of natural transformations, after being pasted together, is 
the same natural transformation as the pasted-together natural transformation in the 
second diagram above: 






^ ^ ^ - — * * ^ 



^ ^ * 





* * * 

n^n^n^g. 



Then there exists a gerbe T) on M together with an equivalence of gerbes x • ^*'^ ~^ 
g and natural transformations C, between the morphisms of gerbes as pictured in the 
following diagram: 



7r*7r*T': 



f2X 



(tt o = (tt o 7r2)*P. 

We then require that the natural transformations tt*^, vTg^ and tt^^ are compatible with 
ip in the sense that using the natural transformations tt^^, TTg^ and VTg^ and the natural 
transformations Oj^g^h of Lemma \6. 1\ we can construct a natural transformation between 
the morphisms of gerbes bounding diagram (1) above. The compatibility condition is 
that this natural transformation and ip coincide. The converse is also true. 

Note 6.3. 1. One should be able to prove this conjecture in a similar manner to the 



proof of Proposition |6.7| but with the additional complication of having to insert 



the equivalences (pj^g and natural transformations of Lemma |6.1| . 

If the equivalences (pf^g : g*f*g {fg)*Q of Lemma were the identity, we 
could write the coherency condition on the natural transformation ip more suc- 
cinctly as 

Unfortunately we have to cope with having the equivalences (pf^g and natural 
transformations and so, in order to introduce a new notation to avoid the 
diagrams above, we will abbreviate the coherency condition on tp to 6{tp) = 1. 
We will encounter such diagrams again in Chapter O. 
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Chapter 7 

Definition of a bundle 2-gerbe 



7.1 Simplicial bundle gerbes and bundle 2-gerbes 



Recall in Chapter Section p.2| , that we saw how bundle gerbes (P, X, M) could be 
regarded as simplicial line bundles on the simplicial manifold X^'^. We will use this 
observation to motivate our definition of a bundle two gerbe. 

Our first step is to see if there is a workable notion of a simplicial bundle gerbe. 
Note that Brylinski and McLaughlin define a notion of simplicial gerbe (see P], and 
also Definition |13.1| ) so this will also serve to guide us. We will work on the simplicial 
manifold X = {Xp} with Xp = X'^"*"^! associated to a surjective map vr : X — M 
admitting local sections. Recall, see Definition and also , that a simplicial line 
bundle on a simplicial manifold X = {Xp} consists of a line bundle L on Xi, together 
with a non-vanishing section s of S{L) over X2 which satisfies 6{s) = 1 on X3. We 
attempt to generalise this to the case of bundle gerbes as follows. Let {Q, Y, be a 
bundle gerbe on X^^^. We suppose there is a bundle gerbe morphism 



over X^^y We think of ffi as defining a 'product' on the bundle gerbe Q. Next observe 
that we have 

by virtue of the simplicial identities. The crucial observation is that fh gives rise to 
two bundle gerbe morphisms over X^ as indicated in the following diagram. 



Hi ^ (vTi ^Q®'K^^Q)® TTg V3 — V/Q (g) ^ (tTi (g) TTg ^Q) 



1„-1/ 



Tl^\lT^^Q®TirQ) 



1„-1/ 



7r^^(7rf^g®7r3^Q) 



7^2 V2 ^Q. 
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We define bundle gerbe morphisms mi and 1712 as follows. 



nil = TTg o (tt^ (8> 1) 

At this point it is convenient to introduce a different notation which avoid cumbersome 
diagrams such as the one above. We will denote ir^-^Y by Y23, vr^^l^ by Yy^, tc^^Y by 
Y12, TT^^iT^^Y by 1^24 and so on. Similarly we will denote the bundle tTi^Q on 1^23' 
by Q23 and so forth. More generally we shall denote tt^^Y Xxis] ^^3^^ = ^23 XxPi ^12 by 
^123, TCi^Q'^rc^^Q by Q123 and similarly for other combinations. Hence fh : Q123 Q13 
and rhi,m2 : Q1234 Qu- Therefore the diagram above becomes in the new notation 

Q1234 = <5l234 

rn(gil 

Q24 ® Q12 Q34 ® Ql3 



Q 



14 



Q 



14 



Rather than demand the two morphisms rhi and m2 are equal, we settle for the weaker 
condition that there is a transformation a : rfii =^ fh2 of bundle gerbe morphisms. 
Recall, see Definition 13.81, that this means that a is a section of the descended 



bundle Dmi,m2 on -^^^^ of Lemma ^ 



The transformation a gives, in some sense, 
a measure of the 'non- associativity' of the 'product' ffi. Accordingly, we will call a 
the 'associator' transformation or 'associator' section and we will call the (trivial) 
bundle A = Dm^^m2 on the 'associator' bundle. 

The final condition is a coherency condition on a. To write it down first observe that 
Q induces a bundle gerbe (Q123455 ^12345, -^'^0 over X'^l The bundle gerbe morphism 
fh induces five bundle gerbe morphisms Mj : (^12345 — > Qis given as follows. 

Ml = m o (m (g) 1) o (m (g) 1 (g) 1) 
M2 = m o (m ® 1) o (1 (g) m (8> 1) 
M3 = mo(l(g)m)o(l(g)m(S)l) 
M4 = mo(l(g)m)o(l(g)l(g)m) 
M5 = mo(m(g)l)o(l(g)l(g)m) 

Notice that M5 can also be written as 

M5 = m o (1 (g) m) o (m 1 ® 1). 

It is not too hard to see that we have the following isomorphisms of bundles on 



Xt^l. We have D 



Mi,M2 



TTi^M, D 



and -Da?5,Mi — 7r4^y4*. Since -Dm^^Mi is canonically trivialised, and the bundle gerbe 
product on Q gives an isomorphism 



D 



Ml, Ah 



D 



M2,M3 



D 



D 



D 



Ms, Ml 



D 



Ml ,Mi ) 



we have that 5 (A) on is canonically trivialised. The final condition that we require 
is that the section 6{a) of S{A) matches this canonical trivialisation. 
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Notice that the thing that makes all this possible is the fact that the vTj are the 
face operators for the simplicial manifold Xp = X^p^'^^. Therefore all that we have said 



above applies equally well to an arbitrary simplicial manifold X 
make the following definition. 



{Xp}. Thus we 



Definition 7.1. A simplicial bundle gerbe on a simplicial manifold X = {Xp} consists 
of the following data. 

1. A bundle gerbe {Q,Y,Xi) on Xi. 

2. A bundle gerbe morphism 

rh : rfg ® d2^Q ^ d^^Q 

over X2. 

3. A transformation a : fhi =^ ffi2 between the two induced bundle gerbe morphisms 
fhi and fh2 over X3. fhi and fh2 are defined in the following diagram. 

d^^id^^Q ® d2^Q) ® d2^d2^Q — d^^d^^Q ® d^^id^^Q ® ^3 ^Q) 



do ^d^ ® d2 V2 



d2\dQ^Q ® d2^Q) 



d2^d^^Q 



di (g) d^ ^1 



d^\d^^Q®d2^Q) 



d^^d^^Q. 



So mi = d2^mo (c/q 1) and m2 = rf^^ o (1 (g) d^ ^m). Thus a is a section of 
the bundle A = Djni,m2 over X3. 

4. The transformation a satisfies the coherency condition 

d^^a ® d^^a* ® d2^a (g d^^a* ® d^^a = 1, 

where 1 is the canonical section of the bundle S{A) over X4. 



This definition should be compared with the definition of simplicial gerbe given in 
[|] and 0. With this definit ion in hand, we now turn to the problem of defining a 
bundle 2-gerbe. We make two definitions, the first of which includes the following one 
as a special case. 

Definition 7.2. A bundle 2-gerbe is a quadruple of manifolds {Q,Y, X, M) where vr : 
X ^ M is a smooth surjection admitting local sections, and {Q, Y, X'^^) is a simplicial 
bundle gerbe on the simplicial manifold X = {Xp} associated to vr : X ^ M with 

Xp = xtp+^1. 

Definition 7.3. A strict bundle 2-gerbe is a quadruple of manifolds {Q, Y, X, M) where 
vr : X — > M is a smooth surjection admitting local sections and where (Q, Y, X^^l) is a 
bundle gerbe on X'^1 such that there is a bundle gerbe morphism m : tTi^Q ® vr^^Q ~^ 
7^2 Q such that the two induced bundle gerbe morphisms mi and 777.2 over xw are 
equal. 
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The following diagram shows what a bundle 2-gerbe looks like. 

Q 

i 

i 

i 

M. 

For future reference, we will record here some properties of the associator transforma- 
tion a and its lift a. So a is a section of the bundle A = {mi,m2)~^Q on ¥1234. Since 
a descends to the section a of A, it must commute with the descent isomorphism of A. 
This implies that a enjoys the following property: if ^34 G Q,, ,/ M23 G Or,, ,/ and 

U12 e <5(yi2,s,;2) ^^^^^ ?/34,Z/34 e y(x'3,x4), 1/23, ^23 ^ Y{x2,x3) and 1/12, ^ ^(xi,x2), ^heu 

mQ(m2(M34 (g) M23 ® M12) ® a(l/34, 1/23, I/12)) 
= "^Q(a(l/34' 1/23' 1/12) ® ^1(^^34 ®^i23®«12) )• 

The coherency condition on a is a consequence of the following property of a: suppose 
1/45 e ^(X4,X5), 1/34 e y(x3,x4), 1/23 e y(x2,x3) and yi2 e y(xi,x2)- Then we have the following 
equation (we have denoted the bundle gerbe product ttiq by ■ — since the bundle gerbe 
product is associative there is no danger of confusion) 

a(m(?/45, 1/34), 1/23, 1/12)"^ • a(l/45, 1/34, m{y23, Vu))'^ ■ m^eiy^^) ® a{y34, ^23, 1/12)) 
■ a(?/45, "^(1/34, 1/23), 1/12) ■ rn(a(?/45, 1/34, 1/23) ® e(i/i2)) 

= e(m(m(m(?/45, yu), I/23), I/12)) 



7.2 Stable bundle 2-gerbes 



We also define a notion of bundle 2-gerbe with bundle gerbe morphisms replaced by 
stable morphisms. It will turn out that this definition of a 'stable bundle 2-gerbe' will 



turn out to be the most versatile, for example in Chapter |I3| we will show that a stable 
bundle 2-gerbe on M gives rise to a 2-gerbe on M. 



Definition 7.4. A stable bundle 2-gerbe consists of a quadruple of smooth manifolds 
{Q^Y^X^M) where vr : X — >■ M is a surjection admitting local sections and where 
{Q^Y^X^^"^) is a bundle gerbe on We suppose there is a stable morphism m : 



-1 



H2 Q corresponding to a trivialisation 6{L.m) of 



-1 



We also suppose there is a transformation a : m o (m ® 1) 
in the following diagram: 



171 O 



Q 



1234 



Q 



124 



ICglTl 

Q134 




Q 



14- 



1 C?) m) as pictured 
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a is required to satisfy the coherency condition that the following two diagrams of 
transformations are equal: 





Note 7.1. 1. Notice that by (1) of Note |3.2| , every bundle 2-gerbe on M gives rise 
to a stable bundle 2-gerbe on M. 

2. As in Section |7[T| let mi : Q1234 — ^ Qu be the stable morphism mo (m® 1) and let 
: Q1234 — Qi4 be the stable morphism m o (1 (g) m). Then the transformation 
a : mi ^ 1712 is a section of the bundle A on such that — Lm2'^T^i234A 
on yi234. As before, the bundle 5 (A) on is canonically trivialised and the 
coherency condition on a is that the induced section 6{a) of S{A) matches this 
canonical trivialisation. 
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Chapter 8 

Relationship of bundle 2-gerbes 
with bicategories 

8.1 Bicategories 

We first recall the definition of a bicategory (see for instance 
Definition 8.1 {^)- A bicategory B consists of the following data: 

1. A set Oh{B) whose elements are called the objects of B. 

2. Given two objects A and B of B there is a category Hom(y4, B). The objects of 
Hom(yl, B) are called 1-arrows of B while the arrows of Hom(A, B) are called 
2-arrows of B. If a and /3 are 1-arrows of Hom(A, B) and is a 2-arrow with 
source a and target j3 then this is denoted by : a =^ /?. The following diagram 
gives a useful way to picture 2-arrows: 

a 

A'^J^B 

3. Given three objects A, B and C of B, there is a functor, called the composition 
functor, 

m(v4, 5, C) : Hom(5, C) x Hom(A, B) Hom(A, C). 

If a and /5 are 1-arrows in Hom(i?, C) and IIom(y4, B) respectively then we usually 
write m{A, B,C){a, P) as a o p and m{A, B, C) (0, ip) is usually written as o 
where (p : a ^ a' and ip : (3 ^ (3' are 2-arrows in IIom(5, C) and IIom(y4, B) 
respectively. 

4. For each object A oi B there is a 1-arrow Id^ in Hom(74, A) called the identity 1- 
arrow of A. The identity map of Id^ in Hom(y4, A) is denoted by id^ : Id^ =^ Id^ 
and is called the identity 2-arrow of A. 

5. Let A, B, C and D be objects of B and let Hom(yl, B, C, D) denote the category 
Hom(C, D) xHom(i?, C) xHom(y4, B). There is a natural isomorphism, called the 
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associativity isomorphism and denoted a{A, B, C, D), as pictured in the following 
diagram: 



Hom(^, B, C, D) 

idxm{A,B,C) 



"^^^'^'Hom(5,D)xHom(Ai^) 




Hom(C, D) X Hom(A, C) 



m(A,C,D) 



m{A,B,D) 



Hom(>l,D). 



So a consists of an arrow 0(7, /9, a) = a(A, 5, C, D)(7, /9, a) in Hom(A, D) from 
(7 o /5) o q; to 7 o (/3 o a) for all 1-arrows 7 in Hom(C, D), /3 in Hom(i?, C) and 
a in Hom(A, S) such that given 1-arrows 7 , (5 and a together with 2-arrows 
0:7=^>7,V'-/5=^/3 and x : o; =^ o; then the following diagram commutes: 

o fj) o a > (7 o p ) o a 



7 o (/3 o a) 



(j>o{ipox) 



a-i-y' ,p' ,01' ) 



■ 7' o o a). 



6. Suppose A and arc objects of B and that a is a 1-arrow of Hom(A, B). Then 
there are natural isomorphisms idL{A, B){a) : a ^ ao Id^ and idR{A, B){a) : 
a =^ Idsoo; in Hom(A, 5) called /e/f and right identity isomorphisms respectively. 
The isomorphisms are natural in the sense that if : a =^ /3 is a 2-arrow in 
Hom(74, B) then the following diagrams of 2-arrows commute: 

idi(A,B)(a) 

a => a o Ma 



idi(A,B)(/3) 



</>oid^ 



>/9oIdA, 



and 



idR(A,B)ia) 

a =>i(ig o a 



idfl(A,B)(^) 



idBO</> 



> Ids 0/5. 



/3 

7. This axiom forces a coherency condition on the associativity isomorphism a. So 
suppose we have objects A, B, C, D and E of B. Suppose we have 1-arrows a 
of Hom(A, B),l3oi Hom(S, C), 7 of Hom(C, D) and 5 of Hom(D, E). Then we 
require that the following pentagonal diagram of 2-arrows in Hom(74, E) com- 
mutes: 



(5 o (7 o (5)) o a 



a(<5,7,/3)°la 




a(i5,7o/3,a) 




((5 O 7) O /5) O Q; 

^(<5o7,/3,a) 




5 O ((7 O /5) O a) 
l4oa(7,/3,a) 




(5 O 7) O (/3 O a) 



a(<5,7,/3oa 

This condition is called associativity coherence 



i> 5 o (7 o (/5 o a)) 
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8. Suppose A, B and C are objects of B and a and [3 are 1-arrows in Hom(y4, B) 
and Hom(i?, C) respectively. We require that the following diagram commutes: 



(3 o (Hb o a) 



(/3 o Idfi) o a 



lpoidR(A,B) 



idL{B,C)olc 



P O a. 



One can also define a notion of morphism of bicategories, transformations between 
morphisms of bicategories and finally a notion of modification between transformations 
of morphisms of bicategories, however we will not spell out these definitions and refer 



instead to |39]. We will also need the notion of a bigroupoid. 



Definition 8.2 ([^). A bigroupoid consists of a bicategory B which satisfies the fol- 
lowing two additional axioms: 

1. 1-arrows are coherently invertible. This means that if a is a 1-arrow of Hom(A, B) 
there is a 1-arrow (3 of Hom(i?, A) together with 2-arrows (p : (3 o a ^ Id^ in 
Hom(A, A) and ip : a o f3 ^ Ids in B.om{B,B), which satisfy the following 
compatibility condition. We require that the following diagram of 2-arrows in 
Hom(74, B) commutes: 



a o (/5 o a 



{a o (3) o a 




Mb o a ■ 




a o Id^ 



idniA,B){a) 



^ a. 



2. We also require that all 2-arrows are invertible. 

One can show as a consequence of the definition of a bigroupoid that the following 
diagram of 2-arrows in Hom(i?, A) commutes: 



a{l3,a,(3X 



{(3 o a) 0/3 




l3o{aol3) 



idR(B,Am 




Example 8.1. Let X be a topological space. Define a bicategory 112 (X) as follows. Take 
as the objects of 112 (X) the points of X. Given two points Xi and X2 define a category 
Hom(xi,X2) whose objects are the paths 7 : / — » X with 7(0) = Xi and 7(1) = X2, 
where / is the unit interval [0, 1]. Given two such paths 71 and 72 we define the set of 
arrows from 71 to 72 in Hom(xi, X2) to be the homotopy classes [/i] of maps fi : I x I 
X such that /x(0,t) = 71 (t), /^(l,t) = 72(^)5 /^(-s, 0) = Xi and f^{s,l) = X2 where it is 
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understood that two such maps /i and belong to the same homotopy class if and only 
if there is a map H: IxIxI^X such that H{0, s, t) — t), H{1, s, t) — ii'{s, t), 
H{r,0,t) = 7i(t), H{r,l,t) = 72(t), H{r,s,0) = Xi and H{r,s,l) = X2. Notice that 
every arrow in Hom(a;i,a;2) is invertible. If we have a third path 73 from Xi to X2 and 
a homotopy class [A] of maps A : / x / — X from 72 to 73 leaving the endpoints fixed, 
then we define the composite arrow [A/x] from 71 to 73 to be the homotopy class of the 
map X/i : I X I ^ X given by 



fi{2s,t), sG [0,i], t e [0,1], 
A(2s-i,t), te [0,1]. 



where /i and A are representatives of the homotopy classes [n] and [A] under the ho- 
motopies H above. It is straightforward to check that [Xfi] is well defined and that 
this law of composition makes Hom(a;i,a;2) into a category. To recap, the objects of 
112 (X) are the points of X, the 1-arrows of 112 (X) are the paths in X and the 2-arrows 
of 112 (X) are the homotopy classes of homotopies with endpoints fixed between such 
paths. We need to define a composition functor 



'm{xi,X2,Xs) : Hom(x2,X3) x Hom(xi,X2) Hom(a;i. 



If 723 is a 1-arrow of Hom(a;2,a;3) and 712 is a 1-arrow of Hom(,Ti, ,T2), then we define 
m{xi, X2, a;3)(723, 712) = 723 ° 712, where 723 o 7^2 : / ^ X is the path 



(723 0712) (t) 



712 (2t). tG [0,i], 

723(2i-l), [|,l]. 



If we are also given l-arrows 723 of Hom(a;2,a;3) and 7^2 of Hom(a;i,a;2) together with 
2-arrows [/i23] : 723 ^ 723 and [1112] : 712 =^ 7i2 in Hom(a;2,a:3) and Hom(a;i,a:2) 
respectively, then we define m{xi, X2, Xs){[ii23\, [a*i2]) = [/^23 ° fJ-u] to be the homotopy 
class of the map 



(/^23 0/^12) (S,^) 



/xi2(s,2i), se [0,1], te[0,\], 
li23is,2t-l), [0,1], te[l,l]. 



where /i23 is a representative of [/X23] and /X12 is a representative of [nu]- Again, it is 
straightforward to check that this defines a functor. Next, we need to define identity 
1-arrows and identity 2-arrows. Given an object x of 112 (X), we define Id^; to be the 
constant path at x and wc define the identity 2-arrow id^, to be the homotopy class of 
the constant homotopy from the constant path to itself. Now we need to define the 
associator isomorphism. Given 1-arrows 734 in Hom(x3,X4), 723 in Hom(,X2,.T3) and 
7i2 in Hom(xi,X2), we need to define a 2-arrow 0(734,723,712) : (734 ° 723) ° 7i2 ^ 
734o(723°7i2) in such away that given 1-arrows 734 in Hom(a;3, 3:4), 733 in Hom(a;2,X3) 
and in Hom(a;i, 0:2), together with 2-arrows [1134] : 734 =^ 734, [//23] '■ 723 =^ 723 and 
[/X12] : 712 =^ 7i2 then the following diagram commutes: 

(734 o 723) o 712 > (734 ° 723) ° 7l2 



0(734,723,712) 



'»(734'T23'Tl2) 



734 O (723 O 712) , ^- 734 O (723 07'), 

M340(/i230m2) ^ '^'^ '^^^ 
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and that the pentagonal diagram of axiom (7) above commutes. There is a standard 
choice for 0(734,723,712) — see for example We set 0(734,723,712) to be the 

homotopy class of the map 0(734, 723, 712) : / x / ^ X defined by 



[7i2(^), .€[0,1], tG[0,^], 
a(734,723,7i2)(s,t) = <^ 723(4t-2 + s), SE [0,1], te[^,^], 

l734(^), se[0,l],te[^,l]. 



Next suppose we are given 2- arrows [yU34] : 734 =^ 734, [[123] : 723 =^ I23 and [jJu] : 
7i2 l'i2- We need to show that 0(734, 723, 712) ((yUi2 ° 1^23) ° Ai34) ^ (/ii2 ° (/i23 ° 
A*34)) 0(734, 723, 712), where /ijj is a representative of the homotopy class [fiij]. One can 
check that a homotopy with endpoints fixed between these two maps is 



Vi2(2 - 2rs, r G [0, 1], . G [0, i], t G [0, H(l^Iz£±I£)±l], 

/X23(2 - 2rs, 4t - 2(1 - r - s + rs) - 1), r G [0, 1], s G [0, i], 

^ ^ j-2(l-r-s+rs)+l 2(l-r-s+rs)+2 j 

^ /^34(2 - 2rs, r^-^ ), r G [0, 1], . G [0, i], t G [H(lzI.|±r£)±H, 1], 

' ^^^{2ts -2s + I, ^(Yzf)TT)' ^ e [0, 1], s G [\, 1], t G [0, ^^^i^], 
/i23(2rs-2s + l,4t-r(l-2s)-l), rG [0,1], sG [|,1], 

^ ^ ^ r(l-23)+l r(l-2s)+2 j 

^/Z34(2r. -25 + 1, ^ e [0, 1], . G [i, 1], t G [^^i^, 1]. 



This proves that o is a natural transformation. We need to check that the associativity 
coherence condition is satisfied. So we need to check that the following diagram of 
2-arrows is the identity 2-arrow from ((745 o 734) o 723) o 73^3 to itself. 



(745 o (734 o 723)) o 7l2 

a(745 ,734 ,723 )°l7L2-^sS==='^^ ^^==i=^ft(745 ,7340723 ,712 ) 





((745 o 734) o 723) o 712 



745 o ((734 o 723) o 712) 





1(7450734,723,712) ^"^^ , ^5^^745 °"(')'34 ,723,712) 

/ N / a(745,, 734,7230712) , , 

(745 O 734) O (723 O 712) 745 O (734 O (723 O 712))- 
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We have the following expressions for the 2-arrows (here s e [0, 1]): 



(0(745,734,723) oid^ia)!^,^) 



a(745, 0723, 712) (s,^) 



(1^745 00(734, 723, 712)) (S,t) 



0(7450734,723,712) ^{s,t) 



I 723(1^), 

734(8i + s-6), i e [6|2,Z|£], 

,745(^), te[^,l], 
712(2^), te[0,^], 

723(8t + 2s-4), ie[2^,5^], 

734(8t + 2s-5), ie[5^,3=£], 

745(^), 



^), te[o.. 



723(8t + S 
1+s 



'' 8 ■ 



712(2^ 

2), t e 

3-s 



734(^+^), t e [— 



my i+s ^ " ^ L— 
^745(2t-l), te[l,l 



0(745,734,7230712) ^{s,t) = < 



f7i2(T§^), te[0,^, 
723(^), 

734(4t - s - 1), te 



2+s 



l745(^), 

'7i2(if,), te[0,i±^ 
723(4t - s - 1), t e 

734 



3-6- 1 

8 ' 8 J' 
11, 



4 J' 
1+s 2+s l 
4 ' 4 J' 

1], 

1+s 2+S 1 
4 ' 4 J' 



' 8t-2s-4 \ J \2±s 6+s l 
. 2-s ^ I 4 ' 8 J' 

l745(^), 



Composing these 2-arrows gives the 2- arrow from ((745 o 734) o 723) o 7^2 to itself. We 
want to show that this 2-arrow is the identity 2-arrow at ((7450734)0723)0712. The plan 
is to find homotopies from each of the individual 2-arrows above to the identity 2-arrow 
at ((745 o 734) o 723) o J Of course such homotopies will not fix endpoints but we will 
see that the homotopy obtained by composing each of the individual homotopies will. 
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The homotopies are given as follows (here r e [0, 1] and s e [0, 1]): 



Fi{r,s,t) 



F2{r,s,t) 



F3{r,s,t) 



F5{r,s,t) 



7i2(2i), t e [0,i], 

734(8t + s{l -r)-6),te [^^^^, '-^^] 



(l-r)s+l 

{r-l)s+2J' L"' 4 J' 

8t-2(T--l)s-4 \ , r (?— l)s+2 2(?— l)s+r-+5 1 
1+r J' t L 4 ' 8 i' 



712 ( 

723( "-^T+7^-^ ), ^ e 

734(8i - 2(r -l)s-r-5),te [^Jl^Dl±I±l, 2(.-iMr-+6 ]^ 



712(1 



8t 



(r-l)s+2+2r i 
8 J 



< 



(r-l)s+2r+2> 

/8t-(r-l)s-2-2rN , ^ r(r-l)s+2+2r (r-l)s+3r+3i 

723 ( ), t e [^^g , ] 

734(5^^r(i^), t e [(^^^ 
745(^), tG[^,l], 

t G [0, 



4-3r 

8^ 

(l-r)s+3r+l^ 



F4(r,s,i) = < 



7l2( 

/ 8t-(l-r)s-3r-l N , r (l-r)s+3r+l (l-r)s+2r+l i 

723 1 (l-r)s+r+l J' ^ I 8 ' 4 J' 

^ 8t-2(l-r)ji-4r■-2 ^, ^ ^ |- (l-r)s+2r+l 2(l-r)s+3r+4 -| 



2-r 



-), te 



/ 8t-2(l-r)s-3r-4 N ^ ■ r 2(l-r)s+3r+4 
745l 4_3r_2(l-r)s ^ ^"H 8 '"^J' 



7l2( 



At 



s(l-r)+r+l 



t e [0, 



s(l— r)+r+l 1 



723(4t-s(l-r)-r-l), te [ 

/8t-2s(l-r)-2r-4N , ^ 
734( 2-r-s(\-r) ^ ^ 



s(l-r)+r+l s(l-r)+r+2i 



[s(l-r)+r+2 s(l-r)+r+6 



2-r-s(l-r) 
/8t-s(l-r)-r-6 , ^ r 
745 1 2-r-s{l-r) ' * ^ L 



s{l—r)+r+6 



,1]- 



It is not too hard to check that if one composes these homotopies then one has a 
homotopy with endpoints fixed between a representative of the 2-arrow above and the 
identity 2-arrow at ((745 o 734) o 723) o 712. This proves the associativity coherence of a. 

We now need to define left and right identity transformations id^, and id^ respec- 
tively. If 7 G Hom(a;i,a;2) is a 1-arrow then idL{xi,X2){'^) is a 2-arrow 7 =^ 7 o Ida;^. 
We define idL(a;i, a;2)(7) to be the homotopy class of the map 



{s,t) 



2J' 



Xi, t G [0, 
7(|E7), tG[f,l]. 



We need to prove that the assignment 7 1— > idL(a;i, 2^2) (7) defines a natural transforma- 
tion, so we need to show that if we are given 1-arrows 7 and 7 of Hom(a;i, 2:2) together 
with a 2-arrow [/i] : 7 =^ 7 in Hom(a;i,a;2) then the following diagram of 2-arrows 
commutes. 



7 ° Idxi 



^7 



idi(a;i,a;2)(7 ) 



[/n]oid; 



=^7 old 
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We show that the homotopy classes ([/x] o ldx^idL{xi, X2){'y) and idL(a;i, X2)(7')[/i] are 
equal. Firstly, idL{xi, X2){'y )[fj] is represented by the map 

'/i(2s,t), [o,i],te [0,1], 



{s,t) ^ se t e [0, 



2s- n 



7(W)' 

where /i : — > X is a representative of the homotopy class [fi], and the homotopy 
class ([/i] o ldxi)idL{xi, X2){'j) is represented by the map 



fxi, se [0,i], tG [0,s], 
7(1^), sG[0,i], te[.,i]. 



xi, s e t G [0, 



2 J' 



2t-2s+l ' 
3-2s ' 



, SG tG [^,1]. 



Then 



(r,s,t) 



fxi, rG [0,1], sG [0,i], tG [0,rs], 

/i(2(l - r)s, r G [0, 1], s G [0, i], t G [rs, 1], 

xi, rG [0,1], SG [|,1], tG [0,^], 
[ix{{2s - 2)r + 1, ^^^), r G [0, 1], s G [i, 1], t G 



2s-l 



2 ' -"J' 



1], 



is a homotopy with endpoints fixed between (/ioIda;Jidi(xi, X2)(7) and idL(a;i, X2)(7')/i. 
Similarly, if 7 is a 1-arrow of Hom(xi, X2) then we define id/{(xi, X2)(7) : 7 ^ Id^jj o 7 
by setting id/{(xi, X2)(7) equal to the homotopy class of the map 



{s,t) 



\{{s + l)t), tG [0,^], 

X2, t G [^, 1]. 



Again one can show that given another 1-arrow 7' in Hom(xi,X2) and a 2-arrow [/i] 
7 =^ 7 in Hom(xi,X2) then the diagram of 2-arrows below commutes. 



idi{(xi,X2){7) 



=^7 



idfl(zi,X2)(7 ) 



Finally, we need to show that axiom (8) of Definition |8.1| is satisfied. So we need to 
show that, given objects Xj, Xj and Xk of n2(X) and 1-arrows 7ij and 7jfc in Hom(xi, Xj) 
and Hom(xj,Xfc) respectively, that the following diagram of 2-arrows in Hom(xj,Xfc) 
commutes. 



(7jfc o Idx.J o 'jij 
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The 2-arrow aljjk, Id^^ 'jij){idL{xi, Xj){'-fjk) o id^-^) is represented by the map 

'7,,(2t), se [0,i], tG [0,i] 



[s,t) ^ < 



2J' 

Xj, s G [0, t & ~2~]' 

l-2sl 



1-s 
4i -N 



•^J' ^ [2' ^ ^ \.~~4~' ^~]' 

while the 2-arrow id^^,, o idR(xj, Xj)(7ij) is represented by the map 

7i,-(2(2s + l)t), SG [0,i], te [0,2(2^^1)]' 
Xj, s G [0, 2]) t G [2(2^+1) ' -'-]' 
7,-fc(2t-l), selll], tG 



We want to show that these two maps are homotopic by a homotopy fixing endpoints. 
One can check that such a homotopy is given by 

f7,,(2(2r. + l)), SG [0,i], te[0,j^], 

X- S ^ fO il tG\ i l±(l±l)£l 

Xj, o c [U, 2J, c [2(2rs+l)' 2 J' 



(r,s,t) 



< 



hjl l_2(l-r)s J' ^ [2' -^J' ^ l^' 2{2rs+2-r)J' 

;> c [2?-LJ? l2(2rs+2-r)' 2 J' 

2-r-(l-r)s 



L2' 

I, r+(l-r)s 

Thus we have shown that n2(X) is an example of a bicategory. In fact, n2(X) is a 
bigroupoid as we will now show. We will call 112 (X) the homotopy bigroupoid of X. 
Firstly we have to show that the 1-arrows of 112 (X) are coherently invertible. So let 
Xi and X2 be points of X and let 7 be a 1-arrow of Hom(xi,X2). There is an obvious 
candidate for the 1-arrow 7"^ which is to be a weak coherent inverse of 7, namely we 
set 7~^ to be the path opposite to 7, so 7~^(t) = 7(1 — t)- A homotopy /i joining 
7~^ o 7 to the constant path at Xi is given by 



u{s,t) 



7(2t(l - s)), 0<s<l, 0<t<i, 
7((1 - s)(2 - 2t)), < s < 1, I < t < 1, 

while a homotopy u joining 707"^ to the constant path at X2 is given by 

'7(1 -2t + 2ts), 0<s<l, 0<t<|, 
7(2t - 1 - 2st + 2s), 0<s<l,|<t<l. 

One can check that these satisfy the conditions in (1) of Definition |8.2| . Clearly all 
2-arrows in 112 (X) are invertible so 112 (X) is a bigroupoid. We will need this example 
when we come to discuss the tautological bundle 2-gerbe. 

Another important example of a bicategory is a 2-category. This is a bicategory 
in which the composition functor is strictly associative rather than associative up to a 
coherent natural transformation and the left and right identity isomorphisms are the 
identity. We will write the definition of a 2-category out in full below, as we will refer 
to it several times. 
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Definition 8.3 ( ||25|| ,). A 2-category C consists of the following data: 

1. A set Ob{C) whose elements are called objects of C. 

2. Given two objects xi and X2 of C there is a category Hom(a;i, X2) whose objects 
are called 1-arrows of C and whose arrows are called 2-arrows of C. As before if a 
and f3 are 1-arrows of Hom(a;i, X2) and is a 2-arrow of Hom(a;i, X2) with source 
a and target /3 then we indicate this as : a ^ /3. 

3. Given three objects xi, X2 and X3 of C there is a composition functor 

m{xi,X2,X3) : Hom(a;2,a;3) x Hom(xi,X2) ^Hom(xi,a;3) 
such that, if X4 is another object of C, then the two functors 

m(a;i,a;3,X4)(l x m(xi, 0:2, xa)) 

m{xi,X2,X4){m{x2,X3,X4) X 1) 

from Hom(a;i, X2, x^, X4) to Hom(xi, X4) coincide (here Hom(a;i, X2, X3, X4) denotes 
the category Hom(x3,X4) x Hom(a;2,X3) x Hom(a;i, X2)). As before, if a and 
(5 are 1-arrows of Hom(x2,a;3) and Hom(xi,X2), then we usually write a o f] 
for m{xi,X2,X3){a, P). Also if : a ^ a and ip : (3 ^ [3 are 2-arrows in 
Hom(x2,X3) and Hom(xi,X2) respectively, then we write (p o ip for the 2-arrow 
m(xi, X2, X3)(0, -0) in Hom(a;i,X3). 

4. For each object a; of C there is a 1-arrow Id^; of Hom(x, x) called the identity 

1- arrow of x. The identity map of Id^; is denoted by id^; and is called the identity 

2- arrow of x. If y is another object of C and a is a 1-arrow of Hom(a;, y) then we 
have Idy o a = a = a o Id^- If (3 is another 1-arrow of Hom(a;, y) and (p : a ^ jS 
is a 2-arrow of Hom(x, y) then id^ o = = o id^;. 



8.2 Bundle 2-gerbes over a point and bicategories 

We first review a construction of ||33| which shows how to associate a groupoid to 



a bundle gerbe {P,X,M) restricted to a single point niQ of M. Let X^o = vr~-'^(mo). 
Take the objects of the groupoid to be the points of Xmo- Given two such points Xi 
and X2, let the set of arrows from xi to X2 be the points of the fibre P{xi,x2)- We have to 
be able to compose arrows and we also have to show that there exist identity arrows. 
Given points xi, X2 and 0:3 of as well as arrows uu : xi ^ X2 and M23 : a;2 — > X3 
(ie points U12 G P{xi,x2) U23 G P(x2,x3)) define the composed arrow U23U12 : Xi X3 
to be the point mp{u23 ® ^12) G P{xt_,xz)- Here nip denotes the bundle gerbe product in 
P. Since the bundle gerbe product is associative, this process of composing arrows is 
associative. The identity arrow 1 : x — x is given by the identity section e{y) G P{x,x)- 
Note that the category so defined is a groupoid (ie every arrow is invertible) and that 
the set of automorphisms of an object is isomorphic to . 

Now suppose that we have two bundle gerbes (P, X, M) and {Q,Y,M). Denote 
by Pmo and Qmo the groupoids constructed from P and Q respectively. Suppose 
we have a bundle gerbe morphism / = (/,/, idAf) ■ P —> Q- Then it is easy to see 
that because / commutes with the respective bundle gerbe products, we can use / 
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to define a functor / : P^,, Qmo- If tfiere is a second bundle gerbe morpliism 
g = {g,g,idM) : P ^ Q tlien we can form tlie bundle {f,g)^^Q as in 

Lemma and, by the results of that Lemma, we know that {f,g)~^Q 'descends to 
mo'. Hence it is possible to choose a section of {f,g)~^Q which is compatible with the 
descent isomorphism. Such a section then gives rise to a natural transformation f ^ g. 

Bicategories are related to bundle 2-gerbes over a point in the following way. Let 
(Q, Y, X, M) be a bundle 2-gerbe and let m be a point of M. We define a bicategory 
Qm as follows. The objects of Qm the points of Xm = 7r^^(m). Given two such objects 
Xi and Xj, define a category Hom(a;j, Xj) as above. So we let the objects of Hom(xj, Xj) 
(the 1-arrows of Qm) be the points y lying in the fibre Yi^xi,xj)- Given two such points 
y and y we define the set of arrows from y to y to be points u E Q(yy')- Composition 
of arrows is via the bundle gerbe product in Q as explained above. 

The bundle gerbe morphism rh : tTi^Q ® 'n'^^Q t^2^Q can then be used to define 
the composition functor 

m : Hom(xj,Xfc) x Hom(a;i, a;-,) Hom(xi,a;fc) 

by mapping an object yij) of Hom(xj, Xk) x Hom(xj, Xj) to the object m{yjk, yij) of 
Hom(a;i, Xk) and mapping an arrow {ujk, uij) in Hom(a;j, x^) xHom(a;i, Xj) from {yjk, yij) 
to {y'ji., y'ij) to the arrow m{ujk®Uij) in Hom(xi, Xk) from m{yjk, yij) to m{y'^,^, y\j). The 
fact that m is a bundle gerbe morphism and hence commutes with the bundle gerbe 
products ensures that m is a functor. We now need to define the associator natural 
transformation a{xi,Xj,Xk,xi) between the functors bounding the diagram below: 

Hom(xj, Xj,Xk, xi) — '"^^ > Hom(a:j, Xk) x Hom(xj, Xj) 

Ixm . 

'"<5^^^i i-^j i-^fc i-^Z ) 

}iom{xk,Xi) X }iom{xi,Xk) ^Hom(xj,Xfc). 



Given an object {yn, yjk, yij) of Hom(xi, Xj, Xk, xi), we set a{xi, Xj, Xk, xi){yki, yjk, yij) to 
be the arrow a{yki, yjk, yij)- The fact that the section d of A descends to a section a of 
A ensures that a{xi, Xj, Xk, xi) is a natural transformation and the coherency condition 
satisfied by the section a guarantees that the natural transformation a{xi,Xj,Xk,xi) 
satisfies the associativity coherency condition. 

To define an identity 1-arrow at an object x of Qm, first choose a set map I : 
A(X) — > Y which is a section of Try : F ^ X^^^ (here A(X) denotes the image of X 
under the diagonal map A : X — > X'^', x t-^ (x, x)). So / associates to each point x of 
X an element of the fibre ^(x.a;). Let Id^ = I{x) and let id^ : Id^ =^ Idx be the identity 
section of the bundle gerbe Q evaluated at the point I{x) — ie e(/(x)). We now need 
to define left and right identity transformations. Ignoring such concepts as continuity 
and smoothness, notice that we can define bundle gerbe morphisms Id^ : Q Q and 
Ida : Q ^ Q as follows: 

IdL-.Y^Y 

y ^^ m{y,I{7T2{7TY{y)))), 
Idn : Y toY 

y H-^ m(/(7ri(7ry (?/))),?/), 
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and 



Idi :Q^Q 

u ^ m{u ® e(/(7r2(7ry(7rQ(M)))))), 

u m(e(/(7ri(7ry(7rQ(n))))),M). 

Therefore we obtain bundles (in the set theoretic sense) II = Di^ f^^ and Ir = 
D(i^ u^ on Xt^] and hence by restriction set theoretic bundles II and Ir on Xm x 
Xm. Choose set maps id^ : X^ — > 1^ and id/j : — > Ir which are sections of 
the projections tt/^ : II — > X^ and tt/^ : Ir respectively. We denote also 

by idi and idij the lifts of the sections to the set theoretic bundles {l,ldL)~^Q 
and (l,Idi?)~^(5 respectively. It is easy to see that these sections provide 2- arrows 
idiixi, Xj){y) ■.y^m{y, 4 J and idij(xi, Xj){y) : y m{I^^,y) for a 1-arrow y e Y{x,,x,) 
which are natural in the sense of (6) of Definition |8.1| . We need to check that the left 
and right identity natural transformations are compatible with the associator natural 
transformation a{xi,Xj,Xk,xi). It is easy to see that we have an isomorphism of set 
theoretic bundles over X^ given fibrewise as follows: 

Ir{Xi,X2) ® Ilix2, X3) ~ A{xi,X2, X2, X3). 

We can define a set map / : X^ such that 

a{xi, X2, X2, X3)idL{x2, X3) = idR(xi,X2) ■ /(xi,X2,X3). 

Therefore if y^ e ^(x-i.xa) and ?/23 G ^(xa.xg) then / satisfies 

aiyi2Jix2),y23)iidLix2,X3){y23) O lyiJ = 1^23 oidij(Xi,X2)(l/l2) ■ fiXi,X2,X3). 

Similarly we can define a function g : — > by 

a{xi,Xi,X2, X3)idL(xi, X3) = idL(xi, Xs) ■ g{xi, X2, X3). 
Again, if yi2 E y(xi,x2) and 1/23 e y(x2,x3) then g satisfies 

a(/(xi),?/i2,?/23)idL(xi,X3)(?/23 01/12) = lyas ° (a^l, X2) (1/12) ■ X2, X3). 

By considering the diagram of Axiom TA3 of we have the following equation: 

f{Xi, X2, X3) = /(Xi, X2, Xi)g{x2, X3, X4)"^ (8.1) 

We now need to be more specific about our choices of id^ and id/j- First of all, let us 
agree to put idL(x,x) = idR{x,x) so that the two 2-arrows idL{x,x){Ix) : Ix ^ Ix ° Ix 
and idR{x,x){Ix) : Ix ^ Ix ° Ix are equal. Notice also that we can choose id^ and 
idR so that we have a{Ix,IxJx)(^dL{x,x){Ix) o IjJ = Ij^ o idR{x,x){Ix). Therefore 
we have made an explicit choice of id^, and idR over the diagonal A(X) C X^. For 
yi2 E Y(^xi,x2) with xi 7^ X2 let us agree to choose idij(xi,X2) so that the 2-arrow 
idi?(xi,X2)(l/i2) : yi2 1x2 °yi2 satisfies 

a{yi2Jx2Jx2)i}'^L{x2,X2){Ix2) ° lyia) = o idR(a;i, X2) (2/12) • 
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For ?/2i £ y{x2,xi) with Xi ^ let us agree to choose id/,(a;2, Xi) so that the 2-arrow 
idL(x2,a;i)(?/2i) : 2/21 ^ 2/21 o ^2 satisfies: 

a(/x2,42,l/2i)(idL(x2,a;i)(?/2i) o = 1^12 ° idfl(a;2, ^2) (1x2 )• 

Notice that this has now fixed a choice of id/j and idz,. Also notice that we now have 

f{x,x,x) = 1 

f{xi,X2,X2) = 1 
f{x2,X2,Xi) = 1 

Put X4 = X2 and Xi = X2 in equation |8]l|. Then we get 

f{x2,X2,Xs) = f{x2, X2, X2)gix2, X3, X2)~^ . 



This implies that g{x2, x^^ X2) = 1. Now put X4 = X2 in equation |0| . We get 

/(Xi,X2,X3) = fiXi,X2,X2)g{x2,X3,X2y^ = 1. 

This shows that id^, and id/j satisfy the compatibility condition with a. We record the 
above discussion in the following Proposition. 

Proposition 8.1. Given a bundle 2-gerbe {Q, Y, X, M) on M we can associate to each 
point m of M a bicategory Qm where is defined as above. 

Note 8.1. 1. Recall from that a groupoid is a principal bundle P over 

with an associative product. The point of this result was that the existence of an 
identity and of inverses was a consequence of the product being associative and 
one did not need to impose further axioms. Let us agree to call a 'C^ bicategory' 
a bicategory Q such that for any pair of objects A and B of Q, the category 
Hom(74, B) is a groupoid. It then follows that every bicategory arises 
from a bundle 2-gerbe over a point, or alternatively, as a simplicial bundle gerbe 
on the simplicial manifold X = {Xp} with Xp = X^ where X is the set of objects 
of the bicategory. In fact one can show that the bicategory arising from 
a bundle 2-gerbe is a bigroupoid and hence any bigroupoid would arise 
from a bundle 2-gerbe over a point. 

2. Notice that we could weaken the definition of a bundle 2-gerbe by removing 
the requirement that there exist an 'associator' section and still obtain a 
bicategory (in fact a bigroupoid) when one restricts the bundle 2-gerbe to 
a point of the base manifold. This is because we could choose a (set theoretic) 
section a of the 'associator bundle' A — > X^ and define a valued function 
/ : X^ — * satisfying a cocycle condition on X^ by comparing S{a) with the 
canonical trivialisation of S{A). It then follows that we could rescale a to obtain 
the associativity coherence condition 6{a) = 1. However, in order to associate a 
class in H'^{M\ Z) to a bundle 2-gerbe we need to be able to choose a smoothly. 

3. We could require further axioms to hold in the definition of a bundle 2-gerbe so 
that the construction of the bicategory above was 'smooth' in a certain sense, 
ie one had a smooth choice of the section J : X — > A^^F and smooth choices of 
the left and right identity isomorphisms id/, and id/j. These conditions will in fact 
hold in the main examples of bundle 2-gerbes we consider in the next chapter. 
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Chapter 9 

Some examples of bundle 2-gerbes 



9.1 The lifting bundle 2-gerbe 

Suppose we have an extension of groups BC^ —>■ G ^ G, with BC^ central in G. 
Suppose also that P M is a principal G bundle. Since BC^ is an abehan group, we 
can form the lifting BC^ bundle gerbe (P, P, M). So the bundle gerbe product on P 
is a BC^ bundle isomorphism m : n^^ P n^^ P t^2^P which is associative in the 
usual sense. (As we have previously remarked, the fact that PC^ is an abelian group 
enables us to form the contracted product vrf ^P(8)7r^^P). Now we can form the lifting 
bundle gerbe (Q,P, P'^'). The PC^ bundle gerbe product m then induces a bundle 
gerbe morphism ffi : vrf^Q ® t^^^Q — ^ '^2^Q which is strictly associative in the sense 
that the two induced bundle gerbe morphisms mi and m2 are equal. It follows that 
the quadruple (Q, P, P, M) defines a bundle 2-gerbe in the strict sense (Definition |7.3| ). 
An example of this situation occurs with the short exact sequence of abelian groups 
PC^ ^ PPC^ P^C^ and the universal P^C^ bundle PP^C^ ^ P^C^. We record 
this discussion in the following proposition. 

Proposition 9.1. Let BC^ G ^ G he a short exact sequence of groups with PC^ 
central in G. Let P M be a principal G bundle. Then the quadruple {Q, P, P, M) 
defined above is a strict bundle 2-gerbe. 

Another situation in which bundle 2-gerbes arise is the following. Suppose we have 
a surjection vr : X — M admitting local sections and a PC^ bundle P X^^l together 
with a PC^ bundle isomorphism m : tc^ ^P ® VTg ^P ^ TT^^P covering the identity on 
Xt^l. However we do not assume that the two induced PC^ bundle isomorphisms mi 
and m2 are equal. Here mi and m2 are defined as follows 

mi : TT^^TT^^P (g) 7rJ^(7rf ^P (g) n^^P) - 

nil = o (1 (g) n^^m) 

m2 : n^^{n^^P (g n^^P) (g tt^^tt^^P - 

m2 = n^^m o (vrf ^m (g 1), 

where we have identified 7r^"^7rf ^P(g7r4 ^(vrf ""^P^TTg ""^P) = 7ri"^(7rf"^P(g7r^^P)(g7r3 "^TTg "^P 
and TT^^TT^^P = TT^^TT^^P by virtue of the simplicial identities satisfied by the vr, on 
the simplicial manifold X = {Xp} with Xp = X^^^^'. Therefore mi and m2 differ by a 
map : — > PC^ which must satisfy 5(0) = 1 on X'^l Suppose finally that has a 
lift : XW PC^ which satisfies 5(0) = 1 on X^^l. Then if we let (P, P, X^l) denote 
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the lifting bundle gerbe associated to the BC^ bundle P — > X^^^ then the quadruple 
(P, P, X, M) is a bundle 2-gerbe. As before the BC^ bundle isomorphism m provides 
a bundle gerbe morphism rh : n^^P ® t^s^P '^2^P covering the identity on X^^\ 
One can check that the associator bundle A — has classifying map equal to and 
so (j) provides a section a oi A — the associator section — and the condition 5(0) = 1 
is the requirement that 6{a) matches the canonical trivialisation of 6{A) on X^^\ 



9.2 The tautological bundle 2-gerbe 



Here we verify that the tautological bundle 2-gerbe introduced in [0 is still a bundle 
2-gerbe as defined in these notes. To be more precise we only verify this for the special 
case in which the base manifold is 3-connected or at least has ti^{M) = 0. 

To define this tautological object recall that we start with a manifold M, which 
we assume to be 3-connected, together with a closed four form on M with integral 
periods representing a class in H^{M] Z). Next we take the path fibration vr : VM — * M 
consisting of piecewise smooth paths 7 : [0, 1] — > M, 7(0) = mo where mo is a basepoint 
of M and with tt the map which sends a path 7 to its end point 7(1). 

The fibre product "PM^^^ consists of all pairs of piecewise smooth paths (71, 72) with 
the same end point, that is 7i(l) = 72(1)- Denote by 7° the path 7 traversed in the 
opposite direction and denote by 71 * 72 the path formed from a pair of paths 71,72 
by traversing 71 at double speed and then 72 at double speed. Of course, this is only 
a piecewise smooth path if 7i(l) = 72(0). Thus if (71,72) G PM'^1 then 71 * 72 G fiM, 
where flM is the based piecewise smooth loop space of M. 

Therefore we can define a map ev : PM^^l x S*^ — >■ M by evaluating the loop 71 * 72 
against the angle 9. Therefore we may define a closed three form to on PM^^J by pulling 
back O to PM^^] with ev and then integrating ev*(0) over the circle. One can check 
that uj so defined is a closed three form with integral periods. The next step is to 
perform the tautological bundle gerbe construction on PM^^l using the integral three 
form u. 

Bundle 2-gerbes enter the picture because we can define a bundle gerbe morphism 
covering the map PMl^l PM[21 defined by (71,72,73) 1-^ (71,73). For the details see 



To make the calculation simpler assume for the moment that the base manifold 
M is a point. Then we start with a manifold X and a closed 3- from a; on X with 
integral periods. We construct a bundle gerbe on X^ = X x X in the usual way. We 
define a space Y above X^ with fibre at (a;i,X2) G X^ equal to Y(^xi,x2) = {a '■ I ^ 
X, a piecewise smooth : a(0) = a;i, a (1) = X2}. Next define a C^-bundle Q F^] 
whose fibre at (a, P) G F'^' is all equivalence classes [/i, z], where z is a non-zero complex 
number and /i : a ^ /? is a homotopy with end points fixed, that is /i : / x J — X and 
/x(0,t) = a(t), /i(l,t) = /3{t), /i(s,0) = a(0) = (3(0) and /i(s, 1) = a(l) = /?(!). The 
equivalence relation is defined by (yUi, Zi) ~ {fi2, ^2) if for any homotopy F : ni ^ H2 
with endpoints fixed (so P : / x / x / — j> X, P(0,s,t) = fii{s,t), P(l,s,t) = jj,2{s,t) 
and for each r G [0, 1], P(r, — , — ) is a homotopy with endpoints fixed between a and 
13) we have 

Z2 = exp( / F*{uj))zi 
If {xi,X2, X3) G X^ = X X X X X note that we can define a map m : y(a;2,x3) x '^(xi,x2) ~^ 
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Y{xux3) by (^23, au) ^ ^23 ° "12, where 

(^23 o ai2)(t) = 



ai2(2t), < t < 1/2, 
a23(2t-l), l/2<t< 1, 



and where 023 ^ '^{X2,X3) and G Y(^xi,x2)- This map m clearly extends to a map 
m : 7r]~^y x^s TTg"^^ ^Tg'^F covering the identity on X^. We can also define a 
bundle morphism m : tTi^Q ® 7r3"^Q — ^ '^•2^Q covering the map mt^l : (vrf x^s 
vr-iy)[2] (7r2"^F)Pl by m([/i23,223] ® [/^i2,2:i2]) = [/i23 0/^12,2:232:12], where /i23 is a 
homotopy with endpoints fixed between 0:23 and f323, f^u is a homotopy with endpoints 
fixed between ai2 and /3i2 and /i23 o /ii2 is the homotopy with endpoints fixed between 
^23 o "12 and P23 o /9i2 given by 



(/U23 o Atl2 



/-"i^ls, 2t), < s < 1, < t < 1/2, 
\yU23(s, 2t - 1), < s < 1, 1/2 < t < 1. 



One can check, see 0], that m is well defined and commutes with the bundle gerbe 
products. Clearly m is equivariant. Therefore rfi = (m, m, id) is a bundle gerbe 
morphism. 

As usual, rh defines two bundle gerbe morphisms fhi = (mi, mi, id) and m2 = 
(m2, m2, id) between the appropriately defined bundle gerbes over = XxXxXxX. 
The maps mi and m2 are defined fibrewise by 

"^1 ■ ^(X3,X4) X Y(^X2,X3) X Y(xi,X2) ~^ Yl^Xi,Xi) 
("34, "23, «12) ^ ("34 ° "23) ° «12, 
1^2 '■ Y(X3,X4) X Y(^X2,X3) X Y(^xi,X2) ~^ Y(^X-i,X4) 
("34, "23, "12) ^ "34 O ("23 O "12) 

for q;34 e y(x3,x4), "23 e y(x2,x3) and ai2 G ^(xi.xa)- 

It is a standard result (see p8|) that mi ^ m2. This means that the -bundle 
{■mi,m2)^^Q ^1234 has a section a, where we write for notational convenience 1^234 
for either of the spaces TTg^^vrf-'^y Xx^ tc^^^tTi-^Y x^s tt^^Y or vrf ""^(vrf ""^F XxstT;^"*^!^) Xx4 
TT^^TT^^y over X^. From the general theory of simplicial bundle gerbes (see Section |7.1| ) 
we know that the bundle A = (mi, m2)~^Q descends to a bundle A on such 
that 5{A) is canonically trivialised on X^ = XxXxXxXxX. To show that 
the section a of A descends to a section a of A, we first need an explicit formula 
for a. We get this from the homotopy mi ~ m2 (see Example p.l| and |Q). Set 



a("34, "23, "12) = [a("34, "23, "12), 1], where 0(034, 023, "12) : / x / ^ X is given by 

["12(2^), 0<t<^, 0<s<l, 
a("34,"23,"l2)(s,t) = < a23(4t + s - 2), ^ < t < < s < 1, 

["34(^), ^<t<l, 0<S<1. 

From Example |8.1| , we know that 0(0:34, 0:23, "12) is the associator natural transfor- 
mation for the bicategory n2(X) evaluated at ("34, "23, "12)- The fact that this is a 
natural transformation is exactly the requirement that the section a descend to — 
that is, commute with the descent isomorphism for the bundle A. 
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We now need to show that the descended section a satisfies the required coherency 
condition on X^, that is that 6 (a) matches the canonical trivialisation of S{A). Again 
this follows from the results of Example |8.1] . One can check that the homotopy F = 
F5F4F3F2F1 joining 

a(a45 o "34, "23, ai2)~"^a(a45, "34, ^23 o «i2)~"^(idQ45 o a(a34, 023, "12)) 
a(a45, «34 o "23, ai2)(a(a45, «34, "23) o idaiJ 

to the constant homotopy from ((a;45oa34)oa23)°<^i2 to itself has image that is at most 
two dimensional. Hence F*{uj) = which shows that a satisfies the required coherency 
condition. 

In the general case, where M is not a point, we can apply the construction given 
above to each fibre of the path fibration tt : VM M to obtain a bundle 2-gerbe. 

9.3 The bundle 2-gerbe of a principal G bundle 

Suppose we are given a principal G bundle P M, where G is a compact, simply 
connected, simple Lie group. Then it is known |TH| that tt2{G) = and H^{G; Z) = Z. 



It is shown in that there is a closed, bi-invariant three form u on G with integral 
periods which represents the canonical generator of H^{G\'L) = Z. If G = SU{N), 
then z/ is the three form ^^tT{dgg~^)^ — see P]. 

Recall from fl^ that we can define a bundle gerbe {Q, PG, G) on G with three 



curvature equal to u. The fibre of Q ^ PG^'^^ at a point (a,/?) G PG'^' is all pairs 
{4>,z), where z E and (p : a ^ (3 is a homotopy (p : P G satisfying 4>{0,t) = 
a(t), (j){l,t) = Pit), (f){s,0) = e and 1) = «(!) = under the equivalence 

relation ~ defined by (0i, zi) ~ (02, Z2) if and only if for all homotopies F : 0i ^ 02 
with endpoints fixed between 0i and 02 we have Z2 = Zi ■ exp(J^3 F*^). 
The bundle gerbe product is defined by 

[01, Zl] (g) [02,^2] ^ [0102,^1^2], 

where 0i02 denotes the homotopy defined by 



(0102)(s,t) 



0i(2s,t) for0<s<l/2 
02(2s-l,t) forl/2<s<l 



It is shown in that this is well defined, associative, etc. 



Proposition 9.2. The bundle gerbe [Q, PG,G) is a simplicial bundle gerbe on the 
simplicial manifold NG. 

Proof. We first need to define the bundle gerbe morphism ffi = [rh, m, id) which maps 

rh : d^^Q (g) d2^Q d'^^Q. 

Define m : d^^PG Xq2 d2^PG d^^PG covering the identity on G^ = G x G by 
sending (a, /3) to the path a o a{l)P given by 



(aoa(l)/?)(t) 



a{2t), 0<t<l/2 
a{l)f3{t), l/2<t<l. 
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Next, we need to define a equivariant map rh : d^^Q ® d2^Q — > d^^Q covering 

: {d^^PG d^'PCf^ d^^PG^^^ 

and check that it commutes with the bundle gcrbc product. So take pairs {(f), z) and 
(-0, w) where z,w e and cj) : P ^ G and ip : P ^ G are homotopies with endpoints 
fixed between paths cti, a2 and respectively. Then we put 

^((0, z), w)) = {(j)o 0(0, 1)^, zw) 

where o 0(0, 1)^^ : P G is the homotopy with endpoints fixed between cti o ai{l)(3i 
and Q!2 o Q!2(l)/92 given by 



(0o0(O,l)^)(s,t) 



0(s,2i), 0<i<l/2 
0(O,l)V'(s,2t- 1), l/2<i<l. 



We need to check firstly that this map is well defined — that is it respects the equiva- 
lence relation ~ — and secondly that rh commutes with the bundle gerbe products. 

So suppose (0, 2;) ~ (0,-2) and (-0, w) ~ {ip ,w ), where and are homotopies 
with endpoints fixed between paths «i and 0:2 and where -0 and -0 are homotopies 
with endpoints fixed between paths f3i and /?2. Wc want to show that 

(0 0(0, l)V^,^w) - (0' 0' (0,1)0;', ^'w'). (9.1) 

Therefore we want to show that for all homotopies if : 7^ — > G with endpoints fixed 
between o 0(0, 1)'0 and o (0, we have 

zw —zwexp{ H*u). 

Jl3 

Note that if $ : — > G is a homotopy with endpoints fixed between and 0' and 
^ : ^ G is a homotopy with endpoints fixed between ip and ip , then by integrality 
of u we have 

exp( / i/V)=exp(/ ($o$(0,0,l)^)V). 

Jl3 J/3 

Therefore we are reduced to showing that 

zw' = zwex-p{ ($o$(0,0, 1)*)V). (9.2) 

J/3 

We have 

exp( / ($o$(0,0, 1)^)V) =exp( / $V)exp(/ ($(0, 0, 1)*)V). 

J/3 J/3 J/3 

By the bi-invariantness of we get ($(0, 0, — hence 

exp( / ($ * $(0, 0, 1)^)V) = exp( / $V) exp( / ^V), 

J/3 J/3 J/3 

which implies the result. Hence rh is well defined. It is a straightforward matter to 
verify that rh respects the bundle gcrbc products. 

It remains to show that there is a transformation of the bundle gerbe morphisms rhi 
and 777.2 over G x G x G which satisfies the compatibility criterion over G x G x G x G. 
This has already been done above for the tautological bundle 2-gerbe and the proof 
given there carries over to this case. □ 



101 



Suppose that we have a principal G bundle tv : P ^ M. Pulling back the simplicial 
bundle gerbe {Q, PG, G) to P^l via the canonical map r : Pl^^ G defines a quadruple 
of manifolds {Q,P,P,M) which is in fact a bundle 2-gerbe. We have the following 
proposition. 

Proposition 9.3. The quadruple of manifolds {Q, P, P, M) is a bundle 2-gerbe. 

Note 9.1. In the next section we will define a class in H'^{M; Z) associated to a bundle 
2-gerbe. It will turn out (see Section |11.3|) that the class in H^{M; Z) associated to 
the bundle 2-gerbe Q is the Pontryagin class of the principal G bundle P. 
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Chapter 10 



Bundle 2-gerbe connections and 
2-curvings 

10.1 Definitions and some preliminary lemmas 

Let {Q,Y, X, M) be a bundle 2-gerbe. So there is a surjection vr : X — > M admitting 
local sections. Recall from Section the extended Mayer- Vietoris sequence 

^ fif(M) ^ np{Y) ^ . . . . . . 

It is shown in that this sequence is exact (see Proposition |3.5|) . We will exploit this 
fact to define the notion of a bundle 2-gerbe connection and a 2-curving for a bundle 
2-gerbe connection and construct a closed integral four form on M associated to the 
bundle 2-gerbe (Q,F,X,M). 

Recall from Section that a bundle gerbe connection V on the bundle gerbe 
(Q, Y, has a curving /i which is a two form /i E Vl'^iY). Recall from (see also 
Section |3.3| ) that there is a closed three form cu on X^^^ with integral periods which 
satisfies nyuj = df. uj is called the Dixmier-Douady three form of the bundle gerbe 
((5,y, or sometimes the three-curvature. 

Definition 10.1. We use the notation of the previous paragraph. A bundle 2-gerbe 
connection on a bundle 2-gerbe {Q,Y, X, M) is a bundle gerbe connection V on the 
bundle gerbe (Q,^', together with a choice of curving /i G f2^(y) for V, such 
that S{iu) = in n^(X^^^), where cu E ^^(X'^l) is the Dixmier-Douady three form with 
TTyo; = dfi. 

Proposition 10.1. Let {Q,Y, X, M) be a bundle 2-gerbe. Then (i) bundle 2-gerbe 
connections on (Q,l^, X, M) exist and (ii) the three curvature uo defines a closed four 
form Q on M with integral periods. 

Assuming the existence of bundle 2-gerbe connections for now, suppose we have 
chosen one on the bundle 2-gerbe (Q,y, X, M). Let u E ^'^(X'^l) be the three cur- 
vature, then 5{ijj) = and we can solve u = 5(/2) for some /2 E Q^{X). We call a 
choice of /2 a 2-curving for the bundle 2-gerbe connection (V,/i). Since u is closed, 
we have 5{df2) = 0, and hence there exists E fl'^{M) such that df2 = n*Q and 6 is 
closed. We will see later that B is in fact an integral four form and hence is a de Rham 
representative of a class in H^{M] Z). is called the four class of the bundle 2-gerbe 
(Q,F,X,M). 
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Example 10.1. As an example of this we consider the tautological bundle 2-gerbe on 
a 3-connected manifold M associated to a closed integral four form B on M (see 
Section P^ )- Recall that we first pull back to PM, the piecewise smooth path space 
of M, using the evaluation map ev : VM x I M sending (7,t) to 7(t). We then 
define an integral three form /2 on VM by /2 = ev*G. It is straightforward to check 
that df2 = 7r*B where vr : VM — M is the projection. It then follows that the three 
form 5(/2) on PMI^I defines a class in the image of H^{VM^'^^;Z) inside H^{VM^'^^;R). 
Alternatively, we can think of 5(/2) as defining a closed integral three form on QM, the 



space of based, piecewise smooth loops on M. Recall from Section that we then 
construct the tautological bundle gerbe on each fibre of vr : VM —>■ M. This amounts 
to constructing the tautological bundle gerbe with bundle gerbe connection V and 
curving / (see example |3.3| ) whose three curvature equals 5(/2) on Therefore 
(V, /) is an example of a bundle 2-gerbe connection on the tautological bundle 2-gerbe 
and /2 is a 2-curving of this bundle 2-gerbe connection. 

We need the following series of Lemmas. 

Lemma 10.1. Let (P, X, M) and {Q, Y, M) be bundle gerbes with bundle gerbe connec- 
tions Vp and Vq respectively. Suppose {f,f,id) : (P, X, M) {Q,Y,M) is a bundle 
gerbe morphism. f induces an isomorphism of line bundles f : P ^ {f^'^^)~^Q over 
X'^l which commutes with the bundle gerbe products. Then we have 

vp = r^o(/pi)-ivQo/ + 5(A), 

for some A G Q^{X). 

Proof. Because / commutes with the bundle gerbe products on P and Q, f commutes 
with the bundle gerbe products on P and (/'^^)~^Q- Since Vq is a bundle gerbe 
connection, so is (/'^^)~^Vq and therefore Vp and /~^o(/'^')~^^Q°/ bundle gerbe 
connections on P. Since any two connections differ by the puUback of a complex valued 
one form on the base, we have Vp = f^^ o {f^'^^)~^'VQ o / + a, for some a E n^(X^'^^). 
Because Vp and f~^ o {f^^^y^Vq o / are both bundle gerbe connections, we must have 
5(a) = and so a = 6{A) for some A e Q^{X). □ 

Suppose now that (P, X, M) and (Q, F, M) are the bundle gerbes of the previous 
lemma but we now have a pair of bundle gerbe morphisms (/i,/i,id) : (P, X, M) — > 
(Q, F, M), i = 1, 2. By Lemma |iai| there exist Ai, A2 E n^{X) such that 

Vp = ^-^o(/I2])-Vqo/, + 5(A,). 

We have the puUback bundle (/i, /2)^^Q X of Lemma p73| . Let (p : 7^i^{fi, f2)^^Q — 
7r^^(/i, /2)~^Q denote the descent isomorphism of Lemma and let (/i,/2)^^Vq 
denote the puUback connection on (/i, f2)~^Q X. 

Lemma 10.2. The puUback connection (/i,/2)~^Vq satisfies 

7rr'(/i, /2)- = r ' o ^2\fl, /2)"'Vq o 4> + 6{A, - A2). 

Proof. Define a map < /i,/2 >: X'^^ F'^J by sending the point {xi,X2) of X'^^ to 
the point (/i(xi), /2(x2)) of F'^l The bundle gerbe product on Q gives the following 
isomorphisms of line bundles with connection over 

ifi'Y'Q ® vr2-^(/i, f2r'Q ^< /i, /2 Q (10.1) 
vrr'(/i, f2r'Q ® {f?)-'Q ^< /i, /2 Q (10.2) 
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Here the line bundle < /i, /2 > ^ Q is equipped with the connection < /i, /2 > ^ Vg, 
while the line bundles {fi^^Q ® Ti2\h, hY^Q and vrf ^(/i, /s)"^^ ® U?)'^Q are 
endowed with the connections (/2^')~^Vq + 7r2""'^(/i, /2)^^Vq and '/r]~^(/i, /2)~^Vq + 
(/|^')~^Vg respectively. Hence we can combine the isomorphisms |10.1| and |10.2| to get 
an isomorphism of line bundles 

Note that this is an isomorphism of line bundles with connection. We have the following 
sequence of isomorphisms of line bundles 

7rr'(/i, f2r'Q ^ 7v^\fi, f2r'Q ® p ® p* (lo.s) 
vrr'(/i, f2r'Q ® p ® p* ^ hY'Q ® {ffY'Q ® u?r'Q* (10.4) 
vrr'(/i, f2)-'Q ® uf^'Q ® ufr'Q* ^ ^2\fu f2r'Q (10.5) 

(10.6) 



The descent isomorphism (p of Lemma ^]3| is the composition of these line bundle 
isomorphisms. Here the isomorphism 10. 3| is induced by the canonical trivialisation 
of P (S> P*, the isomorphism |10.4| is induced by the isomorphisms /i and and the 
isomorphism |10.5| is induced by the bundle gerbe product mg (in other words by the 
isomorphisms |10.1| and |10.2| ). From this, and Lemma |10.1| we see that the difference 
7rr'(/i, /2)-'Vq - o ^2\fu /2)''Vq o is equal to 5(Ai - A^). □ 

Suppose that we have bundle gerbes (P, X, M), {Q, Y, M) and (P, Z, M) equipped 
with bundle gerbe connections Vp, Vq and V r respectively. Suppose also that there 
exist bundle gerbe morphisms f : P Q and g : Q R with / = (/, /, id) and 
g = [g, g, id). With the notation of Lemma |10.1| we have 

vp = rio(/M)-ivQo/ + 5(A), 
VQ = r'o(^?'")"'vp 0^ + 5(5), 

for some A G Q^{X), B G Q}(Y). Let gof denote the isomorphism o / : P ~ 
(^fPlo/Pl)"^/? induced by the bundle map go f -.P-^R covering c/l^l o/[2] : X^^l ^ Zt^l. 

Lemma 10.3. With the notation of the above paragraph, we have the following expres- 
sion: 

Vp = (W)"' ° ((^7^'' ° /''^)-'Vp) o (^) + 5{A + f*B). 
Proof. The isomorphism g : Q ^ {g^'^^)^^R gives rise to an isomorphism over 

(/P])-i^ : (/P])-iQ ^ (/[^1)-^(^7[^1)-^P. 
Also by definition we have an isomorphism of line bundles with connection 

(;[2])-l(^[2])-l^^(^[2]^^[2])-l^^ 

where each bundle is equipped with the obvious pullback connection. Next, the diagram 

{f^'^)-\g^'^)-'R ™"'^' ^ {g^^^ o /[2l)-ii? 



({/Pl)-^9)o/ 
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commutes. This is really the definition of (/f^') ^g. Therefore we will have 



[9° J 


) o((fi'^'o/'^) Vij) o (51 


° /) 






III i-\'2\ 


) 9)°f) o((/'0 (^'0 


Vr) 


/ / / /■r2i \ 

° (((/' 


^7) ° /) 


= f-'o 






((/[^^) 


-'~9) / 


= f-'o 


(/t'l)-'(VQ-5(5))o/ 








= f-'o 


(/t'i)-VQo/-5(r5) 








= Vp- 


5(A + r5) 









□ 



Suppose, as in Lemma |10.3| , that we have bundle gerbes (P, X, M), {Q, Y, M) and 
{R, Z, M), but that we have pairs of bundle gerbe morphisms (/j, /j, id) : (P, X, M) — > 
(Q, F, M) and {gi, gi, id) : (Q, M) ^ (P, Z, M) for i = 1, 2. Using Lemma again 
we get 

Vp = i;-^0(/f])-VQ0/,+5(A,), 



for some Ai G ^ fi^^) for « = 1, 2. 

Lemma 10.4. With the above notation, the pullback connection {gi o fi,g2 o /2)~^V_r, 
0^ (S'l o /i, fl'2 o /2)""^P X satisfies 

Trr' (^10/1,^2 0/2)" Vp = 0"'o7r2-'(^lo/i,^2o/2)"VpO0 + 5(Ai-A2+/rPl-/2*P2), 

where (f) : TXi^{gio fi.^g2 f2)~^R — T^2^{gio fi.,g2 f2)~^R is the descent isomorphism 

ofm 



Proof. Same as for Lemma 10.2 



□ 



10.2 Proof of the main result 

We now turn to the proof of Proposition |10.1| 



Proof. Suppose we are given a bundle 2-gerbe ((5,y, X, M). Let V be a bundle gerbe 
connection on (Q,y, X'^l) with curving / G Vl^iY) such that 5{f) = Py, where Py is 
the curvature of Q with respect to V. The three curvature u then satisfies vrf = df. 

Let us look at what happens over X^^\ We have induced connections vr~^V on the 
bundle gerbes {7r^^Q,n^^Y, X^^^). Let vr~^/ denote the curving for 7r~^V induced by 
/. Let (pf')^^vrf ^ V + {P2^)^^'n'3^V denote the tensor product bundle gerbe connection 
oniT^^Q n^^Q ^ n^^Y^"^^ XxPl ^s"^^'^^- The bundle gerbe morphism 

m : (vrr'Q ® TTg-iQ, TTfir ^^^^^ Tr,'Y^^\ X^'^) ^ {n^'Q,n^XX^^^) 
gives rise to a -bundle isomorphism 

vrf^Q ® TTg-iQ ■ 
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m clearly commutes with the respective bundle gerbe products. By Lemma |10.1| there 
is a one form p G Q^i^n^^Y Xxm t^s^Y) such that 



Hence we get 
and hence 



[21^-1^-1 
1 



vrr^v + (p?i)-V3-v 



m-^ o {m^^^)-\^^\/ om + S{p). (10.7) 



[Pi 



' F 1 



+ ipl 



W^l'f + Plrr^'f - m*TX,'f - dp) = 0. 
Therefore, there exists p. E such that 

P>f V + ^2^3^ = m*iT:^^f + dp + 7ry^23/i, 



(10.8) 



10.9) 



(10.10) 



where vry^jg denotes the projection F123 = vr^^ Xxi^] vTg ^Y X^^\ It is easily checked 
that 



nlu — Tx^ijj + Tx\ijj = dfi. 



(10.11) 



Now let us look at the situation over XW. We will use the notation introduced in 
Section ^]l] so that we will denote tt^^Y by I23, t^i^Q ® t^^^Q by Q123, vrf^vrjf^Q by 
Q34 and so on. As mentioned in Section [TT], the bundle gerbe morphisms rhi and Tfi2 
are defined as in the following diagram: 



^ m(g)l „ 
V1234 *■ V124 



Q 



134 



Ql4- 



So mi 



mom 



1) and m2 = m o (1 (g) m). Recall from Definition 772 that A 



(mi,m2)~^Qi4 is the line bundle on I1234 which descends to the associator line bundle 
A on XW. Furthermore A has a section a which descends to a section a of A — the 
associator section. A inherits the pullback connection = (mi,m2)~^Vi4 (here V14 
denotes the induced connection on Qu) relative to which A has curvature equal to 



Now 



(mi,m2)*(5(7r2 Hr, f) = mln^ tx^ f - mln^ f. 



* —1 —1 £ 

{Tc^^m o (1 x^[4] 7rJ^m))*7r2"V^V 
(1 x^[4] TT^^m)* {Tc^^my-K^^-K^^ f 

(1 Xj^[4] ^m)*7r^^(p*7rf V + J'2^3 V -dp- 7ry^34 7r;/i) 

P>^^^rV + (1 Xxw ^"^)*P27i"r^7r^V - d{l x^m ^m)*7r2"V - TTyi^g^Tr^/x 
P*iT^2^T^i^ f + P*2T^4^T^I^ f + pIt^a^t^s^ f " ^^(1 x^w vr4 ^m)*7r^V 
-1 X dTT^^p - 7r;.^234(7r;/i + vr4/i). 
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Similarly we have 



-ci(7ri"^m X;^[4] l)*7r3 V - T^y.^^A^lf^ + ^s/^)- 

Hence we have 

m*2iT2^TC2^f - mln^^n^^f = TTy^^^^^S {/j,) + d(7rf V x 1) + (vrf x^^ l)*7r3"V 

On the other hand we can write (V^)(a) = d (S> a for some one form a on Y1234. Thus 
we must have da = '^Yi234^if^) + ^P^ where pi G ^^(Yusa) is the one form 

71^^ P X 1 + (TTj^-'^m XjsfM l)*7r3"V — 1 X n^^p — (1 Xj^[4] TT^'^my'K2'^p- 

Let : 7rf tt2^A denote the descent isomorphism of Lemma |3.3| . By Lemma's |1 0.1 
and p.0.4| we have 



O TTg O 



Vyi(a) = a (S> a for some a G ri^{X^^^). Then we have a — pi 

tcIp — TTg/U + VTgyU — ttIp = da. 



+ (5(pi). 

Therefore the connection — Pi on A descends to a connection Va on A. Let 

'^Yi234^- Hence we get 
(10.12) 

If we can show 6 (a) = then we are done. To do this we need to examine the situation 
over X'^l rh induces five bundle gerbe morphisms Mj : Q12345 Q15 for 2 = 1,... ,5. 
We can form five bundles Dm,,M2 = (Mu M2)-^Qi5, Dm^Ms = (^2, Ms)-^Qi5, • • • , 
DmsMi = (^5, Mi)"^Qi5 on Y12345, all of which descend to C bundles Dm^^m^,Dm^^m^, 
. . . , D^^ fj^ on X'^l Since each pair of maps (Mj, Mj+i) has Mj factoring through mi 
and Mj+i factoring through m2 or vice versa, we can identify -DMi,Af2 with vr^^A, 



^Af2,M3 with TTg D 



Mz,M4, 



with 



-1 



with TT. ^y4* and D 



Af5,Afi 



with 772 as 

explained in Section |7.1| . Also note that the associator section d induces sections dij of 

Note that the bundle gerbe product in Q supplies an isomorphism 

Dmi,M2 ® Dm2,M3 ® ■ ■ ■ ® Dms,Mi Dm^,Mi (10.13) 
and the coherency condition on d is that 0,12 0-23 ® ■ • • ® 0.51 is mapped to the identity 
section of Dm^Mi = (Mi, Mi)-^Qi5. 

Let V15 denote the bundle gerbe connection on Q15 induced by V. Then V15 in- 
duces a connection Vjj on the (line) bundle Dm^.Mj by pullback: Vjj = (Mj, Mj)~^Vi5. 
Since V15 is a bundle gerbe connection, under the isomorphism |10.13| above, the 
connection V12 + ■ ■ ■ + V51 on Dmi,M2 ® ■ ■ ■ ® Dm^Mi mapped to the connection 
Vii = (Ml, Mi)~-'^Vi5 on Dmi,Mi- Hence we have that 



(V12 H h V5i)(ai2 ® • • ■ ® d^i] 



0. 



(10.14) 



We now need to calculate Vjj(ajj). Using Lemmas |10.1| — |10.4| one finds 

Vi2(ai2) = (7r*7ri« + 1 X pi + (mi X l)*p - (m2 X l)*p) (g) ai2 

V23(«23) = (7r*7r3« + (1 X m X l)*pi) ® 023 

V34(a34) = (77*7150; + (1 X mi)*p - (1 X 1112)* p) ® a34 
V45(a'45) = (— 7r*7r2« — (1 X 1 X m)*pi) 0,45 
V5i(a5i) = (-77*7740 - (m X 1 X l)*pi) (g) 051. 
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Here we have abused notation and denoted by tt the projection vry^jg^g : Y12345 
If one does the calculation then one finds that 

(V12 + ■ • • + V5i)(ai2 O ■ ■ ■ ® asi) = S{a) O [d^ ® • ■ ■ ® 051) (10.15) 
and so we conclude that 6{a) = 0, completing the proof. □ 

Let us explicitly write down the bundle 2-gerbe connection (V, /) on {Q, Y, X, M) 
constructed in the above proof. Since 6{a) = 0, we can solve a = 6{P) for some 
P G n^{X^^^). Therefore we have 5{fi) = S{dp) and so we can find u G ri^{X^'^^) such 
that /i = d(3 + 5{iy). Now give the bundle gerbe (Q, Y, X^'^^) the bundle gerbe connection 
V with curving / = f — iTyV ■ From equation |10.10| we have 

Pl^l'f' +P*2^3'f = m*n^'f' + dp + TT*y^Jf^ - 5iu)) = m*n^'f' + 7i*y^^^dp. (10.16) 

This equation implies that the three curvature u' = lu — du of the bundle gerbe 
(Q,y, X'^1) with bundle gerbe connection V and curving / satisfies S{u! ) = 0. There- 
fore (V, / ) is a bundle 2-gerbe connection for Q. 
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Chapter 11 



Comparison of the Cech, Deligne 
and de Rham classes associated to a 
bundle 2-gerbe 

11.1 A Cech three class 

Let (Q, Y, X, M) be a bundle 2-gerbe (Definition |7.2D . We will show how to construct 
a C^-valued Cech 3-cocycle associated to Q. 

Choose an open covering {f/j}ig/ of M, all of whose finite intersections are empty 
or contractible, and such that there exist local sections Sj : f/^ — of vr : X M . 
We have the usual maps (sj,Sj) : Uij X^^\ m i— > {si{'m)^ Sj{'m)). Let {Qij,Yij,Uij) 
denote the pullback of the bundle gerbe {Q,Y,X^'^^) to Uij by {si,Sj). Thus Yij is the 
space over Uij whose fibre at m G Uij is Yij^ = Y(^s,(m),sj{m))- 

Since Uij is contractible, the bundle gerbe {Qij,Yij,Uij) is trivial. Hence there is a 
C^-bundle Lij — > Yij such that 6{Lij) = n^^Lij ®t(2^L*- ~ Qij on y}'^\ 

Over Uijk the bundle gerbe morphism fh = {ih, m, id) induces a map m : Yijj^ = 
Yjk Xm Yij Yik- Let Lij^. = Ljk ® m~^L*f^ ® Lij. Notice that we have 6{Lijk) ~ 
Qjk ® {^^'^^)~^Qik ® Qij^ which is trivial. In fact, the C^-bundle Lijk descends to a 
bundle Lijk Ujk- To see this we need the following lemma. 

Lemma 11.1. Suppose {P, X, M) and {Q, Y, M) are bundle gerbes with a bundle gerbe 
morphism (/, f,id) : P ^ Q. If P and Q are both trivial, so there exist L ^ X , J ^ Y 
such that P ~ S{L), Q ~ S{J), then the bundle L ® f~^J* over X descends to M. 

Proof, f : P ^ Q induces an isomorphism 5{L) ^ 6{f~^J) as pictured in the following 
diagram: 

p^^if^'^y'Q 

5{L) 5U-\J) 

This diagram lives over Clearly over X^^l we get the following diagram, induced 
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from the one above by tensor product and puUback, 



Let sp and sq denote the sections of 6{P) and 6{Q) induced by the bundle gerbe prod- 
ucts respectively. In the second diagram above, the isomorphism 5{P) 5((/'^0^^<5) 
maps Sp to ■5(j[2i)-iQ = since this isomorphism is induced by a bundle gerbe 

morphism. Similarly, the vertical isomorphism 6{P) — >■ S5{L) maps Sp to 1l and the 
vertical isomorphism — > 56{f~^J) maps (/'^^)~^sq to (/[^l)~^lj. Here 1^ 
and Ij are the sections induced by the canonical trivialisations of 66{L) and 66{J) 
respectively. It follows now that if we define a section t of 6{L ® f^^J*) using the 
isomorphism S{L) 6{f^^J) from the first diagram above, then t satisfies 6{t) = 1 
and hence L ® f^^J* descends to M. □ 



It is easy to see from this that Lij^ descends to some C^-bundle Lij^ Uijk- Next, 
over Uijki we have two bundle gerbe morphisms rhi and m2 obtained from the bundle 
gerbe morphism rh = (m, m, id) : i^i^Q ® t^^^Q '^2^Q over 

Thi,Th2 : Qki ® Qjk ® Qij Qik 

The bundle ( 

fnijtTi2) Qii on Yijj^i — Yj^i x^/ 1^^ x^f descends to a C^-bundle 
Aijki on Uijki- It is clear from Definition |7.2| that Aij^i is canonically trivial with a 
section aijki = a{si, Sj, Sk, si) which clearly satisfies S{a)ijkim = 1, where 1 is the section 
of 5{Aijki) on Uijkim induced by the canonical section of S{A) — > X^^l We need to relate 
(mi, m2)~^Qii to the principal bundles Lij^. The map mi is defined by composition 
as in the following diagram. 

V "'^l V - V 

J- ijkl ^ J-ijl ^ lil 

Therefore 

= Lki ® Ljk Lij (g) (m o (m X 1))^^L*, 
= Lki (g Ljfc ® (g) (m X l)"^m"-^L*; 

= Lfci (g m~^L*ji (g Ljfc (g (g L*,. (g tt^^J^^ -^^^^7 

- T^Yl^ri.Liji®Ljki). 

The map m2 is induced by composition as indicated in the following diagram. 

■f ijfci ^ liki ^ lil 
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Then 



Lki ® Ljk ® Lij (g) 1712^1*1 
= Lki ® Ljk ® Lij (g) (m o (1 X m))~^L*i 
= Lki ® Ljk Lij (g) (1 X my^m~^Lii 
~ Lfc/ ® Ljfe ® (1 X m)-i ky/,,i^iM ® LliL*^] 
= Lfci (g Lfcj (g Ljfe (g wT'^L*^ ® Lij ® -Kyl^Liki 
- ^Y^jjLijk^Liki). 

Therefore we get 

{Lki ® Ljk (g Lij (g 7712^ L*i)* (g (Lfei (g Lj-fc g) Lij g) mi^L*i) 
~ m2^Lii (g m^^L*i 
= {mi,m2)~^5{Lii) 
~ {mi,m2)~^Qii 

Therefore we must have 

over C/jjfe;. Now choose sections Oijk e r{Uijk, Lijk) and define gijki : Uijki C by 

(Tjki (g a*f.i (g cTjji (g a^fc ■ Qijki = ttijki- 
We have the following proposition. 

Proposition 11.1. gijki satisfies the Cech 3-cocycle condition 

-1 -1 _ 1 

9jklm9iklm9ijlm9ijkm9ijkl — 

and hence is a representative of a class in H^{M;C^) — H^{M; Z). 

Proof. All that one really needs to do is to check that Qijki does indeed define a cocycle. 
This follows from the coherency condition on a. One can also check that another 
choice of the sections Sj, or the line bundles Lij, or the sections aijk changes gijki by a 
coboundary. □ 

There is another method of calculating the Cech cocycle gijki which is similar in 
spirit to the method used to calculate the Cech representative of the Dixmier-Douady 
class of a bundle gerbc. Let {Q,Y, X, M) be a bundle 2-gcrbc. Choose an open cover 
{Ui}iei of M such that there exist local sections Si : Ui ^ X of tt : X ^ M and 
such that each non-empty finite intersection Ui^ • • • (1 Ui^ is contractible. As above, 
form the maps {si,Sj) : Uij — > and let {Qij,Yij,Uij) denote the puUback of the 
bundle gerbe {Q,Y,X^'^'^) with the map (sj, Sj). So Yij has fibre Y^j^ at m e U^j equal 
to Y(^Si{m),sj{m)) and there is an induced projection TTy.^. : Y^j — > U^j. 

In certain circumstances, for instance if Try : r ^ XPl is a fibration, then one 
can choose sections a^j : Uij Yij of TTy.^.. We will assume that this is the case 
(in general one would only be able to choose an open cover {C/f^}aeSij of Uij such 
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that there exist local sections 0"^" of vry^^, : — > Uij). Denote, for ease of notation, 

[21 

m{ajk,crij) by ajk o aij. Then we have a map Uijk — > which sends m G Uijk to 
(crjfc(m), (cTjfc o aij){m)). Let Qjjfc = ((Xifc, ajk o crij)~^Qik denote the pullback bundle on 
Uijk- Choose a non- vanishing section pij^ of Qij^. Uijk- Define a non-zero section 
Sijki of the line bundle {an, {aki o ajk) o aij^^Qu over ^7,^^; by 

Sijki = mQ{m{pjki ® e{oij)) ® piji)- (11.1) 

Here itlq denotes the bundle gerbe multiplication on Q- We can also define a non-zero 
section tijki of the line bundle {an, an o {ajk o aij))~^Qii by putting tj^-fc; equal to 

mQ{m{e{aM) ® Pi^fe) ® piki)- (11-2) 



Therefore we can use the associator section to define another section of {an, {a^oa 



a, 



-^Qa by 



jk. 



O 



mQ{a{aki, ajk, atj) ® Sijki)- 
Thus we can define a function eijki '- Uijki —>■ which satisfies 

tijkl = fnQ{0'{(^kh (^jk, O'ij) ® Sijki) ■ ^ijkl- (11-3) 

One can show that eijki satisfies the cocycle condition 

^jklm^iklm^ijlm^ijkm^ijkl — ^■ 

We have the following lemma. 

Lemma 11.2. The cocycle Sijki defined above gives rise to the same class in the Cech 
cohomology group H^{M;C^) as the cocycle Qijki of Proposition \Tl1 



Proof- We have {ajk,aijy^Lijk ^ Lijk- But Lijk = Ljk ® mr'^L*^ (g) Lij and so 
{ajk,aij)-^Lijk = aJi}Ljk ® {ajk o aij^^L*^ a^j^Lij- Hence we get {ajk,aij)~'^Lik = 
Lijk ® ^jkL*k ® ^i/^ij- Also we have 

{ajk o aij,aik) ^Qik 

- {o-jk ° o-ij, o-ik)~^S{Lik) 

= (T'kLik ® {ajk o aijY^L*^ 

- Lijk ® {(TjkLjk ® a;,}L*i^ ® cr^j^Lij)*- 

Therefore we can construct a section pijk of {ajk o aij,aik)~^Qik by taking the section 
aijk of Lijk and choosing sections Sij of a~j^Lij and forming the tensor product section 
(^ijk ® {sjk ® s*i^ (S) Sij)*. From here it is not too hard to show that the cocycle eijki is 
cohomologous to Qijki- □ 

Example ILL Consider the lifting bundle 2-gerbe {Q, P, P, M) of Proposition |9.1| as- 
sociated to a principal G bundle P ^ M where G is part of a central extension of 
groups i?C^ G ^ G- We associate a valued Cech 3-cocycle Qijki ■ Uijki to 
Q as follows. Choose an open covering {f/jjjg/ of M all of whose finite intersections are 
contractible or empty and such that P is locally trivialised over Ui — say there exist 
sections Sj of P — > M over U- Now let aij be sections of the pullback BC^ bundle 
Pij = {si,Sj)^^P over Uij. We can now define a Cech 2-cocycle gijk ■ Uijk BC^ 
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representing the class in H'^jM; BC ^^) associated to the BC^ bundle gerbe (P,P,M) 
by mp{ajk ®bc>^ cTjj) = o"jfc ■ gijk- It follows that the image of the class [gijk] defined 
by gijk under the coboundary map H'^jM; BC ^j) H^{M;C^) is the class defined 
by the Cech 3-cocycle gijki : Uijki ■ Qijki would then be defined by choosing lifts 

9ijk ■ Uijk EC of the gijk and then setting gijki = gjk9~k9ij- 

We can also construct a Cech 3-cocycle gijki representing a class in H^{M;C^^) = 
H'^{M; Z) associated to a stable bundle 2-gerbe. We record this in the following propo- 
sition. 

Proposition 11.2. Let {Q,Y, X, M) be a stable bundle 2-gerbe. Then there is a Cech 
3-cocycle gijki representing a class in H^{M; C^j) associated to the stable bundle 2-gerbe 
Q. 

The class gijki is constructed as follows. Choose an open cover U = of M all 

of whose intersections are contractible and such that there exist local sections Si : Ui —>■ 
X of TT : X — > M. Form the maps (sj, Sj) : Uij — > X'^^ and let {Qij, Yij, Uij) denote the 
puUback bundle gerbe (sj, Sj)~^Q. Since Uij is contractible there is a trivialisation Lij 
of Qij. Also the stable morphism m : vrf ^Q^tt^^Q — > t^2^Q induces a stable morphism 
rriijk : Qjk^Qij Qik corresponding to a trivialisation {Lm,^^^, 4>m,jk) of Qjk®Q*ik®Qi3- 
Therefore there is a bundle Lijk on Uijk such that Lm^.^ ~ Ljk<^ L*i^^ Lij <^Tr~^ Lijk, 
where vr : Yjk x ^ Yn^ x m Yij Uijk denotes the projection. It is not hard to see that 
there is an isomorphism Ljki ® L*^i (g) Liji ® ~ Aijki of bundles on Uijki (here 
Aijki denotes the puUback bundle (sj, Sj, Sk, si)~^A). Therefore if we choose sections 
aijk of the bundles Lijk, then we can define a Cech 3-cocycle gijki : Uijki — ^ by 

CTjfci ® (^ikl ® (^ijl ® Cr*jfc = ttijkl ■ gijki, 

where aijki denotes the pullback (sj, Sj, Sk, si)~^a of the associator section a of A. 



11.2 A Deligne hypercohomology class 

Let {Q,Y, X, M) be a bundle 2-gerbe. Suppose the bundle gerbe {Q,Y,X^'^^) comes 
equipped with a bundle 2-gerbe connection (V, /) so that the three curvature form uj 
of the bundle gerbe {Q,Y,X^^^) satisfies 6{uj) = in Q^{X^^^), as in Definition tfO.ll 



Let K G Q^{X) be a 2-curving for u so that S{K) = uo. We will construct a class 
D{Q,V , f,K) associated to the bundle 2-gerbe Q with bundle 2-gerbe connection 
(V, /) and 2-curving K in the Deligne hypercohomology group H^{M;Cpj 



Choose an open covering {Ui}i(zi of M such that each finite intersection Ui-^f]- ■ -flf/ip 
is either empty or contractible and such that there exist local sections Si : Ui X of 



TT for all i G L As in Section |11.1| , let {Qij, Yij, Uij) denote the bundle gerbe on Uij 
obtained by pulhng back Q with the map {si,Sj) : Uij Therefore V induces 

a bundle gerbe connection Vjj on Qij by pullback. Let F\/.. denote the curvature of 
Qij with respect to Vjj. The curving / on F induces a curving fij for Vjj by pullback 
with the map Yij Y. Similarly the three curvature of Qij with respect to the 
bundle gerbe connection Vij and curving fij is Uij = {si,Sj)*uj e Q'^{Uij). Since Uij 
is contractible, Uij must be exact and so, using the same notation as in Section p.l.l| , 
let Lij — > Yij denote the -bundle which trivialises Qij. As noted in Section ^]l|, the 
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isomorphism if^(M; C^^) = if^(M; C^^ — Om) of truncated Deligne hypercohomology 
groups implies that a bundle gerbe with trivial Dixmier-Douady class can be endowed 
with a trivial bundle gerbe connection — so that if Q is a trivial bundle gerbe with 
a trivialisation Q ~ 5{L), then, given a bundle gerbe connection Vq on Q, one may 
choose a connection Vl on L so that the isomorphism Q ~ 5{L) is an isomorphism of 
bundle gerbes with connection: (Q, Vq) ~ ((5(L), 5(Vl)). Therefore we may choose a 
connection Vij on Lij — > such that {Qij,Vij) — {6{Lij),6(Vij)) is an isomorphism 

[21 

of bundle gerbes with connection on Y^j . Let Fij denote the curvature of Lij with 
respect to Vj-,-. Then we must have Fy-^ = = S{Fij). Therefore there exists 

■jij G Vl?{Uij) such that 

F^3 = k - ^*7.r (11-4) 
From this we deduce = dFij = dfij — 7c*d'jij and hence 

^^ij = d'jij. (11.5) 



Next we examine the situation over Uijk- Recall equation |10.7| from Section |10.2| , 

(pP^)-Vr V + (pf^)"V3- V = o {m^^Y\^^V o m + 6{p). (11.6) 

Since (V, /) is a bundle 2-gerbe connection and the associated three curvature u of the 
bundle gerbe {Q,Y,X^'^^) satisfies 6{u!) = 0, we must have 

P>i'f + Pl^^'f = m*7r^'f + dp + 7r*y^,,P, (11.7) 

on n^^Y y<xi3] ^s"^^ (Compare with equation |10.16|) . Here /? is a one form on X^^^ 
such that Vyi(a) = 5(/3) ® a. This formula pullsback to Yij^ = Yjk Y^ to give the 
following equation in Vt^{Yijk): 

Pifjk + Plfij = m*fik + dpijk + TiY^^^dPijk, (11.8) 

where pijk is the puUback of p to Yij^ via the inclusion map Yj^ Xm Yij vrf XxPi 
vTg'^y and Pijk = {si, Sj, Sk)* P- Pulling equation |11.6| back to (Yij^Y'^^ gives 

Vjfe + Vij = m"^ o {m^^Y^Vik om + 6{pi^k)- (11-9) 

Recall also from Section |11.1| that we defined Lijk = Ljt m~^L*i^ (g) Lij on Yijk. Lijt 
has the tensor product connection 



ijk 



Vjk-m ^Vik + Vij. 



As explained in Section |11.1| , Lijk descends to a bundle Lijk on Uijk and we may choose 
a non- vanishing section (Jijk of L^jk —>■ Uijk- From equation |11.9| we get 

S{Vjk + Vij) = m'^ o 5(m"^Vife) o m + S{pijk), 

which implies that the connection Vjk — m^^'Vik + Vjj — Pijk on Lijk descends to a 
connection on Lijk — call it Vijk- Let Vijk^cTijk) = ctijk (Jijk- Then we have 

T^Yijkdaijk = Fjk — m*Fik + Fij — dpijk- 
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Therefore from equations |11.4| and |11.8| we have vTy. .^daijk = TTy. {d/3ijk — 5(7jj) and so 

dAijk = 'yjk-'yik + 7ij, (11.10) 

where we have put Aijk = Pijk — c^ijk- One can check that the isomorphism 

Ljki ® L*ki ® Liji (g) L*jj^ ~ Aijki 

maps the tensor product connection Vjki — Viki + ^iji — ^ijk on Ljki ® L*f^i ® Ltji ® L*jf^ 
to the puUback connection {si, Sj, Sk, si)'^^ a = ^ijki on Aijki- Since V a{,o) = S{P), 
^ijkiiaijki) = S{f3ijk) and so we have 

Oijki — Oiiki + Oiiji — aijk + QijkidQijki = ^iPijk), 

or S{Aijk) = dijkidgijki- Therefore we have the set of equations 

Ajki — Aiki + Aiji — Aijk = 9ijki^9ijki 

d'jij = Kj - Ki. 

It follows that the quadruple {gijki, Aijky'jij, Ki) defines a class in the Deligne coho- 
mology group H^{M : — > — > fi^ — >■ ^1^)- Hence we have the following 
proposition. 

Proposition 11.3. Every bundle 2-gerbe {Q,Y, X, M) equipped with a bundle 2-gerbe 
connection (V,/) and 2-curving K gives rise to a class D{Q,'W , f,K) in the Deligne 
cohomology group H^{M; C^.^ fij^j — ^ ^1m)- 

In particular it follows from this by standard double complex arguments (see eg. 
d]) that the class defined by gijki is the same as the class defined by ^^^^ 6. 

Note 11.1. It is also possible to construct singular analogues of the 2-curving and four 
class of a bundle 2-gerbe in a similar way to that used in Chapter ^ 



11.3 The first Pontryagin class 

Recall the bundle 2-gerbe (Q, P, P, M) constructed in Proposition |9]^ associated to a 
principal G bundle where G is a compact, simple, simply connected Lie group. We 
have the following proposition. 



Proposition 11.4 ([|8[|, ||10|| ). The class in H'^lM-jZ) associated to the bundle 2-gerbe 



Q is the transgression of [u], that is the first Pontryagin class pi of P. 

Proof. We calculate the Cech four class of the bundle 2-gerbe Q and get it exactly 
equal to the Cech cocycle defined by Brylinski and McLaughlin in |^ and |TD[. We 
can then apply Theorem 6.2 of 0] to conclude that this Cech four class is pi. We 
set out to calculate the Cech cocycle gijki- First choose an open cover {t/jjie/ of M 
relative to which tt : P M has local sections Sj. Since P — » Pt^' is a fibration, we can 
calculate the Cech cocycle representing the four class of Q using the second construction 



of a Cech cocycle as detailed in Section 11.1. Recall that we first choose sections 



Cij : Uij —>■ Pij = (sj, Sj) ^P. This is equivalent to choosing maps jij : Uij x I —>■ G 
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such that 7jj(m, 0) = 1 and 7jj(m, 1) = gij{'m). Next we have to choose sections 
Pijk ■ Uijk {cTik, crjkO(^ij)~^Qik- This amounts to choosing maps -fijk : Uijk xlxl ^ G 
such that 7jjfc(m, 0,t) = 'jikim,t), 7ijfc(m, = {'jy o gij'yjf,){m,t), 7jjfc(m, s,0) = 1 
and ■yijk{m,s, 1) = gij{rn)gjk{m) (This uses the fact that niiG) = and the cocycle 
condition gijgjk = gik satisfied by the transition functions gij). Define the section tijki 
of the bundle {au^aki o {ajk o (Jij))~'^Qii by Ujki = mQ{rh{e{aki) ® Pijt) ® Piki)- If we 
denote a homotopy with end points fixed (f) from a path a to a path /5 by a 2-arrow 
(p : a ^ [3 then we see that m{e{(7ki) ® Pijk) amounts to composing horizontally the 
2-arrows in the following diagram 

lik giklkl 

l'^^ Qik^^ 9ii- 

iij°gijijk gikiki 

The bundle gerbe product mQ{m{e{aki) ® Pijk) ® Piki) is obtained by composing the 2- 
arrows7ifc/ : 7^; ^ '^ik°9ik'lki and 'jijkogik'Jki ■ lik^Qiklki {lij°9ijljk)°9iklki vertically. 
In a similar manner, one constructs the section Sijki = rnQ{7h{pjki<^e{aij))® piji) of the 

bundle {an, (Jkio{ajk°CFij))~'^Qii. We make Ujki into a section of {an, {akioajk)oaijy^Qii 
by using the associator section: rriQ^a^aki, <Jjk, o'ij)®tijki)- Finally we define the cocycle 
gijki by Sijki = niQ^a^dki, ajk, (Jij) ® U^ki) ■ Qijki- We can get an explicit formula for gijki 
as follows: we choose a homotopy with endpoints fixed Hijki : Uijki xIxIxI^G 
such that Hijki{m, 0, s, t) = {jij o gij^jki)-fiji{s, t), Hijki{m, 1, s, t) = a{-fki, jjk, lij){lijk o 
giklki)'liki{s,t), Hijki{m,r,0,t) = 7iz(m,t), Hijki{m,r,l,t) = {%j o gj^'yjk) o gik^ki, 
Hijki{m, r, s,0) = 1 and Hijki{m, r, s, 1) = gu and we set gijki = exp(/^3 H-^^iu). This is 
just the integral of z/ over the tetrahedron described in |^ and Thus our cocycle 
must agree with that defined by Brylinski and McLaughlin. □ 
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Chapter 12 

Trivial bundle 2-gerbes 



12.1 Trivial bundle 2-gerbes 

Let (Q, Y, X, M) be a bundle 2-gerbe. Choose an open cover U = {Ui}i^i of M. Form 
the sets Xi — T^~^{Ui). Then the collection forms an open cover of X. Define 

maps Si : Xi ^ by sending x e to {x, Si{m)) e for Sj : C/j — > X a local 
section of tt and m = 7i{x). 

Fullback the bundle gerbe {Q, Y, X'^l) to Xi with the map Si and define Qi = s^^Q 
and Yi — s^^Y. Thus 1^ has fibre 1^^ at x e Xi equal to Y(^j.^si(m)) where again m — 7r{x). 

We will assume for the time being that we can choose sections aij : Uij — > Yij where 
Yij Uij is defined above. Define maps (pij : Yi Yj covering the identity map on 
Xij by sending y & Yi to m{aij,y) G Yj. The (f)ij extend to bundle gerbe morphisms 
0ii : Qi Qj, 4>ij = {4>ij,4>ij,id) with 4)ij{ui) = rh{e{aij) (g) Mj) for Ui e Q{yi,y2) where 

{yi,y2)eY}'\ 

Let Z = UjgjVj and let nz '■ Z ^ X denote the obvious projection. The fibre 
product Z'^l — Z Xx Z is equal to the disjoint union Ujj ^ Yj. Define maps 

Xij ■■ Yi Xx Yj y}^^ by Xij(yi,yj) = ((t>ij(yi),yj), for yi e Yi and yj e Yj. Let Lij 
denote the puUback line bundle xTj^Qj ^xYj. Define a line bundle L — > Z'^l 

by setting L = Wij Lij with projection map L — > Z'^l induced by the projections 
Lij Yi X xYj. 

Our aim is to show that the triple (L, Z, X) forms a bundle gerbe. To do this 
we need to define an associative product thil ■ tTi^L n^^L — > tt^^L on Z^^\ Since 
Z'^l — Yiijk^i ^xYj XxYk this amounts to finding a bundle map Lj^ ® Lij — > Lj^. 
which satisfies the associativity condition over Yi XxYj XxYk XxYi. 

Let Ujk e Uij e with e F^^, G and yt G Ffe^. So 

Ujk e Qk(^<Pjk{yj),yk)^ "^ij ^ Qj{^ij{yi),yj)- Then 
Therefore 

mQ(iijfe m(e((7j-fe) ® Uij)) G (5(0^fcO^i,(yO,2/fc)- 
Denote as before by Qijk the line bundle {crik,m{ajk,(Jij))~^Q on C/j^fe and choose as 
before a non- vanishing section aijk of Qijk- Define a section ^ijk of the line bundle 
{(pik, (pjk o (pij^^Qk on Yi by 

&fe(2/i) = rnQ{a{ajk, (Jij, yi) ® m{aijk O e(?/j))), 
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where fji and where a denotes the section of the puUback hne bundle (mi, m2)~^Qn 
which is mapped to the puUback of the associator section 7rj^34a under the isomorphism 
of hne bundles (mi, m2)~^(5i4 = T^i-izi-^- Here 771234 : 1^1234 — X^^^ denotes the projec- 
tion. 

Finally we define for Ujk, Uij as above, 

rriLiujk (8) Uij) = mQ{mQ{ujk ® m{e{ajk) My)) iijkiVi))- (12.1) 
We have the following proposition. 

Proposition 12.1. Suppose {Q,Y, X, M) is a bundle 2-gerbe with trivial four class 
and suppose L and Z are defined as above. Then is associative and the triple 
(L, Z, X) forms a bundle gerbe. 

This uses crucially the fact that the cocycle Qij^i is trivial, without this the proof 
will fail. 



Proof. We need to show that m^ is associative, that is m^ o (1 mi) — m^ o (m^, ® 1). 
We have 

rriLiuki <S> ruLiujk <S> Uij)) 
= {uki{e{(Tki) o {{ujk{e{(Tjk) o Uij))iijk{yi))))iiki{yi), 

where we have denoted composition by bundle gerbe product by juxtaposition and 
composition via the bundle 2-gerbe product with o. We also have 

mL{mL{uki ® Ujk) ® Uij) 
= {{.{uu{e{(Tu) o Ujk))ijki{yj)){e{crji) o Uij))iiji{yi). 

Wc have to show these two expressions are the same. For this we will need the following 
lemma. 



Lemma 12.1. Under the hypotheses of the above proposition, we have 

{e{crki) o iijk{yi))iiki{yi) = ijkiicTij o yi)iiji{yi). 

To prove this one needs to use the associativity isomorphism to regroup brackets 
and use the coherency condition on a. 
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The first of the above two expressions is equal to 

= {uki{{e{aki)e{(TM)) o {{ujk{e{crjk) o Uij))iijk{yi))))iiki{yi) 

= (ukiiieiaki) o Ujk){e{(7ki) o {{e{ajk) o Uij)iijk{yi)))))iiki{yi) 

= {uki{e{crki) o Ujk))i{e{aki) o {{e{crjk) o Uij)iijk{yi)))iiki{yi)) 

= {uki{e{crki) o Ujk))i{e{aki)e{(Tki)) o {{e{(jjk) o Uij)iijk{yi)))iiki{yi) 

= {uki{e{crki) o Ujk))i{e{aki) o {e{ajk) o Mij))(e(o-M) o iijk{yi)))iiki{yi) 

= {ukiie{aki) o Mj-fc))((e(aM) o {e{ajk) o ° ydLjiiyi)) 

= {uki{e{aki) o Ujk))a{crki,crjk,yj){{e{aki) o e{ajk)) o mj) 

aicTki, CTjk, CTij o yi)~^ijki{crij o yi)iiji{yi) 

= {Uki{e{crki) o Ujk))a{crki,crjk,yj){e{crki oa^k) °Uij){ajki ° e{aij o yi))^iji{yi) 

= {uki{e{aki) oUjk))a{aki,ajk,yj)iajki o Uij)iiji{yi) 

= {uki{e{aki) oUjk))a{(Jki,ajk,yj){{crjkie{crji)) o {e{yj)uij))^iji{yi) 

= {uki{e{aki) oUjk))a{(Jki,(Tjk,yj){o-jki o e{yj)){e{aji) o Uij)^iji{yi) 

= {uki{e{oki) o Ujk))ijki{yi){e{(Jji) o Uij)iiji{yi). 

This proves that is associative and hence the triple (L, Z, X) is a bundle gerbe. □ 

Definition 12.1. Let {Q,Y, X, M) be a bundle 2-gerbe. We say that Q is trivial if 
there exists a bundle gerbe (L, Z, X) on X together with a bundle gerbe morphism 
f] : TT^^L ® <5 ^ TT^^L over X'^l We also require that there is a transformation 9 
between the bundle gerbe morphisms in the diagram below. 

TTj^ V^^L (g) n^^Q (g) n^^Q ^— ^ n^^n^^L (g) n^^Q 

H^^Hl^L (g TX^^Q 'K2^'K2^L 




So ^ is a section of the -bundle B = Df^^ f^^ over X'^l. Here f/i = TTg^^f/ o (id (g ffi) 
and fj2 = TT3^V° (7rj"^r7(gid) and D^n^^fi^ denotes the descended bundle on X^^^ whose lift 
to Z4 X;^[3] F123 is isomorphic to (771,772)^^-^1 — see Section p^ . There is a canonical 
isomorphism tt^^B (g vTg'^-B* (g tt^^-B <g TrJ^i?* ^ A over X^, where A is the associator 
bundle of Q. We require that Trf 6'(g7r^ ^* (gTTg^ ^^(gTr^r 9* = a under this isomorphism. 
We say that the bundle gerbe L trivialises Q. 

Note 12.1. The canonical isomorphism Ti^^ B ® 112^ B* ® -n^^ B ® -n^'' B* = A is a result 
of the following. We can define five bundle gerbe morphisms fi : L4^® (5i234 ^ -^1 for 
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z = 1, . . . , 5 by 

fi = f] o [id ® rh) o [id ^ m ^ id) , 

/2 = f/ o (id (S> TTi) o (id (S> id (S> Tti), 

/3 = f] o [f] ^ id) o [id ^ textid ^ rh) , 

fi = o (r^ (g) id) o (r^ (g) id (g) id) , 

/5 = f/ o (f/ (g) id) o (id (g m (g id). 

Note that /s can also be written as 

/3 = o (id (g m) o (f^ (g id (g id). 

From this we can see that we have the following isomorphisms: 







A, 
























^1 




Df f 

/5>/l 




^3 





In each case, as in the notation used in Section |3.4| , Dj.j. denotes the line bundle 
on XM whose lift to Z4 y^xw ^1234 is the line bundle [fi, fj)~^Li. The bundle gerbe 
product on Li provides a trivialisation of the line bundle 

(/s, fl)-'L^ ® (/4, /5)-^Li ® (/3, /4)-^Li ® (/2, fs)-'L, ® (A, f,)-'L, 

on Z4 Xxii] ^1234- This provides the canonical isomorphism n^^B (g 7^2^ B* (g vTg^^-B (8> 
TT^^B* ~ y4. The coherency condition on the section 6* of 5 is as follows. Each bundle 
[fi, fj)~^Li has a trivialising section fij induced from 9 and given as follows: 

fi2iz4,yu,y23,yi2) = fi[e[z4) (g) d[yu,y23,yi2)), 

/23(2;4, 1/34, 2/23, 1/12) = ^(2:4, 2/34, "^(2/23 , 2/12) ) , 

/34(24, 2/34, 2/23, 2/12) = ^(^7(^4, 2/34) , 2/23 , 2/I2) , 

/45(24, 2/34, 2/23, 2/12) = 57(^(^4, 2/34, 2/23) ® 6(^/12))"^ 

/5I (2:4, 2/34, 2/23, 2/12) = ^(2:4, "^(2/34, 2/23), 2/12)"^ 

where 6' denotes the lift of the section 6 of B = Dfj-^^fj^ under the isomorphism D ~ 
[7]i,r]2)~^Li. The coherency condition n^^O (g ^2^9* (g 7r3"^^ (g tt^^^^* = a under the 
isomorphism n^^B (g tt^^-B* Cg> 7r3'^i? (g TrJ^i?* = A translates into 

/51/45/34/23/12 = e(r7(z4,m(m(y34, 1/23), 2/12))), 

where e is the identity section of the bundle gerbe [fi, /i)~^Li. 
We have the following lemma. 

Lemma 12.2. Suppose [Q, Y, X, M) is a trivial bundle 2-gerbe with trivialising bundle 
gerbe [L, Z,X). Then the bundle 2-gerbe Q has zero four class in H'^[M] Z). 
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Proof. Let U = {f/jjig/ be a 'nice' open cover of M. So each non-empty finite in- 
tersection f/jj n ■ ■ ■ n f/j is contractible and there exist local sections Si : Ui X of 
Tlx '■ X ^ M. Define maps {si,Sj) : Uij — > X^l by m i— > (sj(m), Sj(m)). Fullback 
the bundle gerbe Q = {Q,Y,X^^^) with this map to obtain a new bundle gerbe Qij = 
{Qij, Yij, Uij). So we get a manifold Yij and an induced projection map iiij : Yij — ^ Uij. 
If m G Uij then Tr~j^(m) = Yij^ = Y(^Si{m),Sj{m))- Since Uij is contractible the bundle 
gerbe Qij is trivial. So let Jij Yij be a bundle triviahsing Qij. Let (L, X) be 
a bundle gerbe triviahsing the bundle 2-gerbe Q. Fullback the bundle gerbe L with 
the sections Si to get a new bundle gerbe Lj = (Lj, Zi,Ui) on the contractible open set 
Ui. Let i^j — > be a bundle triviahsing the bundle gerbe Lj. The bundle gerbe 
morphism fj : n^^L^Q t^2^L induces a bundle gerbe morphism fjij : Lj ® Qij — > Lj 
over Uij. Consider the bundle Kj ® Jij ® Vij^^i ^ij- Since the bundles 

Kj, Jij and Ki trivialise the bundle gerbes Lj, Qij and Lj respectively, and because 
TJi j IS a bundle gerbe morphism and hence commutes with the bundle gerbe products 
on Lj ® Qij and Li, it follows that there is a section (pij of 5{Kj ® Jij ® T]~j^K*) over 
(Zj X Yij^^^ satisfying the coherency condition 5(0) = 1. Hence the bundle 
Kj (g) Jij rilj^K* descends to a bundle Cij on f/jj. From the construction of the Cech 



cocycle gijki associated to the bundle 2-gerbe Q given in Section |1 1 . 1| we have that the 



bundle Lijk = Jjk ® Jij <S> m ^J*^ descends to a bundle Lij^ on Uijk and that 
furthermore there is an isomorphism 

Ljki ® L*j.i O Liji (g) L*jf. ~ Aijki 

over Uijki, where Aijki = (sj, Sj, Sk, si)'^A. Also the Cech 3-cocycle gijki was defined by 
choosing sections aijk of Lijk and then comparing the section aijki = {si, Sj, Sk, si)~^a 
with the image of the section aju ® cr*^; ® (Tiji ® a*j,^ under the above isomorphism. 
It is not difficult to show that there is an isomorphism 



Cjk ® Cij ® Bijk ^ Lijk ® Q 



ik 



of bundles over Uijk, where Bijk denotes the pullback of the bundle B on via 
the map Ujk defined by sending a point m of Ujk to {si{m), Sj{m), Sk{m)). 

From here we see that if we choose sections pij of Cij then we can define a section 
(Tijk of Lijk by aijk = Pij ® Pjk ® Pik ® where = (sj, s^-, Sfc)~^6'. Comparing 
(T'jfci 8) cr*;;.; ® (Jjj7 a*j^ with ajj^; and using the coherency condition 6{9) = a, we see 
that the cocycle gijki must be trivial. □ 

We shall now prove that the converse is also true, justifying the terminology. Let 
{Q, Y, X, M) be a bundle 2-gerbe with zero four class in H^{M; Z). We shall prove that 
the bundle gerbe (L, Z, M) we constructed in Froposition p.2.1| trivialises the bundle 
2-gerbe {Q,Y, X, M). First of all we need to define the bundle gerbe morphism fj : 
TTf^LoQ TT^^L. Recall Z = lJie/^«- Therefore if {xi,X2) G X'^l, then vrf^Z x^m Y 
has fibre at {xi,X2) equal to the disjoint union of the spaces y(x2,si(m)) x '^{xi,x2)j where 
m = 7r(xi) = tt(x2). Therefore the map m : -n^^Y x^p] n^^Y t^2^Y induces a map 
•q : -Ki^Z Y — ^ t^2^Z which sends {yi,y) to m(yi,y) for yi G vrf"*^!^; and y eY. We 
define a bundle map r) : vr^^'^L ® Q — tt^^^L covering the map t^^^^ : {t^i^Z F)'^' — 
TTs-'zP] as follows. Let u G Q{y^,y2) and G Q{m(aij,yi),yj) whcrc {yi,y2) G and 
?/i G TTj^^Fi, G vTj^^Y,'. So G TTj^^Zl^] and {yi,yj,Uij) G 7rj"^L(y^,y^.). Then 
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m{{m{uij O m) ® a{aij,yi, yi) ^) is in Q(m{aiiMyim))Myhy2))- Therefore we define 

f}{uij ®u) ^ m{{rh{uij ®u)® a((7°-, yi, yi)~^). (12-2) 

Tfie problem that confronts us now is to show that t) so defined with fj = {fj,!], id) is 
in fact a bundle gerbe morphism, that is it commutes with the respective bundle gerbe 
products. 

So let {{yi,yi), {yj,y2), {Uk.y^i)) be a point of (7rf^Zx^[2]F)t''^] and let Ujk^U23 be an 
element of {'n'{^L®Q)(^^y^^y.^)^^y^^y^)) and Uij^Uu be an element of {'"'i^ L®Q){{yi,yi),{yj,y2))- 
Thus 

1*23 £ Q(y2,yi) ^^'^ element of Q{m((7j^.,yj),y^.) ^-nd similarly for Ui2 and Uij. 

We show that 

fj{Ujk ® U23) ■ fl{Uij ® U12) = v{{Ujk ■ Uij) ® (m23M12))- 

We start with the left hand side and for convenience of notation, we denote by o both 
m and rh. The left hand side is equal to 

[{ujk°U23)a{ajk,yj,y2)~^] ■ [{uij o ui2)a{aij,yi,yi)-\ 

where the dot between the square brackets denotes multiplication in the bundle gerbe 
L. Therefore the left hand side is equal to 

[iujk o U23)a{ajk, yj, 1/2)"^] [eicTjk) o {{uij o Uu)a{aij, y^, |/i))"^]6jfc(|/i o y^). 

Notice that since e{ajk) is just the identity section, we can write e{ajk) = e{ajk)e{ajk) 
and, since o is a bundle gerbe morphism, we get the above expression is equal to 

[{ujk o U23)a{ajk, yj, y2)~^][e{(Tjk) o {uij o Ui2)][e{ajk) o a{aij, yi, yi)~^]iijk{yi o yi)- 
The right hand side is more complicated: 

RHS = fi{[ujk{e{ajk) o Uij)iijk{yi)] <8) [^i23^il2]) 

= [{ujk o {e{ajk) o Uij)Cijk{yi)) o {u23Ui2)]a{'^ik, Vi, yi)~^- 

Next we use the fact that o commutes with bundle gerbe products to see that the 
expression in square brackets is equal to 

{ujk o U23){{{e{ajk) o Uij)iijk{yi)) o u^). 

Now we re-express {{e{ajk) o Uij)lijk{yi)) o U12 by observing that it is equal to 

{{e{(Tjk) o Uij)iijk{yi)) o {ui2e{yi)) 
and then using again the fact that o is a bundle gerbe morphism to get it equal to 

{{e{ajk) o Uij) o Ui2){iijk{yi) ° e{yi)). 
Next we use the associator section d to write {e{ajk) o mj) o ui2 as 
d{ajk, yj, y2)~^{e{(Tjk) o {uij o ui2))d{ajk, (Tij o yi, yi). 
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At this point, if we substitute all this into our original expression for the right hand 
side, then we see that if we can show that 

a{ajk,aij o yi,yi){^ijkiyi) o e{yi))a{aik,yi,yiy^ (12.3) 

is equal to {e{ajk) o a{aij,yi, yi)~'^)iijk{yi ° yi) then we are done. iijk{yi) ° e{yi) is equal 
to 

id{a jk, aij,yi){aijk o e{yi))) o e{yi) 
= {a{ajk,(Tij,yi) ° e{yi)){{aijk o e{yi)) oe{yi)). 

Using the associator section d, we see that {<7ijk o e(t/j)) o e{yi) is equal to 

a{crjk ° cFij, yi, yi)~^{aijk o {e{yi) o e{yi))a{aik, yi, yi). 

Therefore 

^ijkiVi) o e{yi) = {d{ajk,aij,yi) o e{yi)){d{ajk o aij,y„yiy^ 

(cTijk o ie{yi) o e{yl))d{a^k, yt, yi)). 

If we now substitute this into equation p.2.3| then we get 

d{crjk,crij o yi,yi){d{(Tjk,<Jij,yi) o e{yi))d{crjk o (Tij,yi,yi)~^{aijk o e{yi o y^)), 

since e{yi) o e{yi) equals e{yi o yi). Using the coherency condition on d, we get that 
this is equal to 

(e((Tjfc) o a{aij, yi, yi)~^)d{ajk, dij, o {(Jijk <=> e{yi o y^)), 

as required. Thus f/ is a bundle gerbe morphism. To complete the demonstration that 
L trivialises the bundle 2-gerbe Q, we need to define the transformation section 6 and 
show that it is coherent with a. 

First we need to define the section 9 of the bundle {rii,ri2)~^Li on Xxm 
Y23 Xxm Y12. If {yi,y23,yi2) e Z3 Xxm Y23 Xxm Y12, then J = {r]i,T]2)'^Li has fibre 
equal to Q(y,o(y23oyl2),a^^o({y,oy23)oyl2)) (z/j, ?/23, yu) ■ Let l{yi) denote the identity section 
of L evaluated at {yi,yi). Then we can define a section 6^ of J by 

Hvi^ 1/23, 2/12) = (e(o-,i) o d{yi, y23, yi2y^)d{aii, yi, 2/23 o yi2)(l(yi)"^ o e(?/23 o Z/i2)). 

(12.4) 

Here l{yi)~^ means the inverse of the identity section l(?/i) of L at yi calculated in 
the bundle gerbe Q (recall L^y^^y^-^ = Q{aiioy,,y,) so l{y,)-^ e g( 

yi,crxioyi))- need 

to show that 9 descends to a section 9 oi J X^^\ that is we need to show that 
(f>{7!'^^9) = 712^9, where : Hi^J 7^2^ J is the descent isomorphism. Recall that is 
constructed by choosing Uij G Q(a,,oy„y,) = L^y^^y.), U23 e Q{y2z,y'^.,) and U12 E Q(y^2,y'r,) 

To] [ol [O] 

where (?/23,Z/23) ^ ^23 > (z/i2,l/'i2) ^ ^12 and {yi,yj) G ^ and setting 

<P{v) = miuij (g) M23 ® ^12)""^ ■ ■ vi{uij (g) U23 ® ^^12) 

for z G J{y^^y'^,^^y[^) Siud where the ■ denotes multiplication in the bundle gerbe L. It is 
very tedious to prove that 9 commutes with the descent isomorphism and so we will 
omit the calculation. 
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The final step is to show that the descended section is coherent with a. Recall 



from Note |12.1| the definitions of the bundle gerbe morphisms fi : L^iS) Q1234 ~^ -^1 for 
i = 1, . . . ,5 and the sections fij of (/j, fj)~^Li over Z4 x^^m 11234- Recall in particular 
that we had 

fuizi, 2/34, y23, yu) = 57(1(^4) ® a{yu, I/23, Vu)), 

/23(^4,Z/34, 1/23,^12) = 0{z^,y34,m{y23,yi2)), 

/34(2;4, 1/34, 2/23,^12) = d{r]{Zi,y34^),y23,yi2), 

/45(2;4, 1/34, 2/23, 1/12) = 57(^(^4, 2/34, 2/23) ® e(?/i2))"\ 

/5l(2/i, 2/34, 2/23, 2/12) = ^(^4,"^(2/34,2/23),2/l2)"\ 

where (2/i, 2/34, 2/23, 2/12) e ^4 XxM ^1234- We need to show that 

/51/45/34/23/12 = l(2/i o ((2/34 o 2/23) o 2/12)) 

in the bundle gerbe (/i, This will imply the coherency condition 6{6) = a. 
Again I will omit the proof as it is long and cumbersome. Combining the above results 
we have the following proposition. 

Proposition 12.2. Let {Q,Y, X, M) be a bundle 2-gerbe. Then Q has zero four class 
in H^{M] Z) if and only if Q is a trivial bundle 2-gerbe. 

Note 12.2. Throughout we have assumed that it is possible to find a section 0",^ of 
Yij = {si,Sj)~^Y — >• Uij over Uij. In general though vry : F — X'^l only admits local 
sections and therefore it is only possible to find an open cover {f/j"}aeEij of Uij and 
local sections cTj" : U^j — > Yij of Yij —>■ Uij. It is possible to get around this restriction as 
we will now show. Assume that Try : Y ^ X^'^'^ only admits local sections. Then there 
is an open cover {t/j^jo-eSij of Uij such that there exist sections a°j : U^j — * Yij. Let 
X". = We can define maps ^f- : l"j|x". by sending y G to m{a^,,y). 

As before the 0f- extend to define bundle gerbe morphisms 0"- : — ^ <5j|x°. with 



(pij = {(pij, (pij, id) if we put (j)ij{ui) = 7Ji{e{(jfj) Ui). Now we can use the to define 
maps x?j ■ {Yi Xx >S)Ug ^ ^i^^'^S X?j{yi,yj) = {<P?j{yi),yj)- Define line bundles 
L° on (r, X;, y^OUg by = (x°)-'Qr 

We now need to digress for a moment. Let U°^^ = U^j fl f/^^^-. Let p^f be a section 
of the puUback bundle {afj, a^j)~^Qij over U°^^ . Observe that since Uij is contractible, 
the bundle gerbe {Qij, Yij, Uij) is trivial and so it follows that we may choose the p^f 
so that 

mgipl' ^ pf) = Pt;' (12.5) 

on f/"'^'^ = U^iCiU^-nUZ. This is simply the statement that the Dixmier-Douady class of 
Qij is zero. Next choose sections a'^^jj of the puUback bundle Q'^ji^ = {a^j^oa'^j, (yJf.)~^Qik 
over f/j^f"^. Here Uff^ = U^j n Ujf^ n ?7^. If a', and 7' are more indices of Ej^, S^-fc 

a/370 /3 7 _ Tjafi^ 



and Sjfc respectively, we can define a map /i"^''^" ^ ^ : Uff^'^ ^ ^ — by 
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where U--' 



0/370 /3 7 



U^jl'^ n U°'jjl^ . If a", /5" and 7" are more indices of Sj^, and 
Sjfc, then using Equation |1 2 .51 for the various indices of I and the S, one can show that 



TO f3 7' 



III I I I II II II 
lap-^a /37 70/370 /3 7 

"'iifc "'ijk 



II II II 



7 0/370 /3 7 

'hjk 



Since ?7ijfc is contractible and {f/°f^}a6Si,,/3es,fc,7es,;fc is a cover of f/j^fc, it follows that 



there exist cg"^ : U^ff 



such that h'^^^'' ^ ^ 



can define the sections o'^^^ of Q"^''^ so that 



7' a/37 -1 



. It follows that we 



:i2.6) 



Now we can define a section s^^J''^ of the pullback bundle ((jj*^;, (a^; o cr^^) o erg) ^Qj; in 
the same fashion as in equation namely we set 



^ijkl 



;i2.7) 



We also define a section t^^]^*^^ of the pullback bundle (a^i, ali o (a^^ o af^)) ^Qu in the 
analogous way to equation |11.2|, 



,al3-ySe _ (( ( 5 \ 0/37 N 75e 



:i2.8) 



Finally, after equation |11.3| , we define a map g^^^i : U'^ 



ijkl 



by 



t 



ijkl — "'\"kh"jky"ij)^ijkl ' ^ijkl 



[12.9) 



Using equation |12.6| , one can show that if a , , 7', 5', r]' and e' are some more indices 
of S, then 



a/375??€ 
iJijkl 



I I II II 

a (3 -y 5 r] e 

iJijkl 



;i2.io) 



Therefore the various maps g'^fj^^'' are the restrictions to U'^fki^^'' of a map gijki : Uijki 
C^. It is not hard to see that gijki satisfies the cocycle condition 

9jklmgiklm9ijlmgijkm9ijkl = 1 



and that g-ijki is the Cech 3-cocycle constructed in Section 



Returning to the problem at hand, we will use the to define maps ip!^ 



jJix^nx'^ as follows. Recall that L 



Lfj —> L^- covering the identity on (Yi y-x^j 

^i(^f. Therefore if wg- G Lg. ^_ ^ then G Q,,,. • Therefore u2^m{p'^f ® 



ij 



e{yi)) lives in Qj ^ . So we let ipifiufj) = ufjrh{p'^^ ®e{yi)). Equation p. 2 .51 shows 

that i'ij oi'l^ = ipij^ ■ Hence we can glue the Lg- together using the standard clutching 
construction to form a line bundle Lij on the whole of XxYj. 



One can define a bundle gerbe product m^^''' : 



jk 



Lf- L'Jj^ using the analogue 



of equation p.2.1| — providing, of course, that the cocycle gijki is trivial : 



ijk 



fl2.111 
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where i,'^^? is the section of the bundle 



I]/ 



^^Qk on given by 



ijk 



where i/i G Yil^cfi-y. We want to show that the various bundle gerbe products m. 



ijk 



a/37 

ijk 



extend to define a bundle gerbe product : 
know that the following diagram commutes: 



^ik- 



For this, we need to 



^jk 

4' 



ct0y 



7-7 
^ik 



^Tk 



^ 

a /3 7 ''^ 

ijk 



The commutativity of this diagram follows from equation 12.6. We also need to define 



the bundle gerbe morphism 77 : vr^ ® Q ^ ^L. Again we define t] locally and 



then show that it is compatible with the glueing isomorphisms ip^'f ■ We define r^"- : 



TTfiLf^. ® g ^ n^'L^^ by putting r)g(Mg. ® u) 
and u E Q. One can then show that the diagram below commutes: 



uTj o u)a{crfj, yi, yi) ^ where u% G Lf,- 



TT 



Ira 
1 ^ii 



77" 
•1' 



■ TT, 



Ira 
2 ^ij 



-1 |Q/3 
"2 V-,/ 



^1 -'^jj 



Hence the various fjfj glue together to form a bundle gerbe morphism r]ij : tT]^ ^Lj 



'^Lij. Similarly, one can define the transformation 9 locally and show that it 



glues together to form a globally defined transformation which satisfies the required 
coherency condition. 



12.2 Trivial stable bundle 2-gerbes 

We first define the notion of a trivial stable bundle 2-gerbe. So let (T, Z, X) be a bundle 
gerbe on X where vr : X ^ M is a surjection admitting local sections. Form the bundle 
gerbe (5(r), Xt^l) where 5 (T) = Ti:[^Tm2^T* and where = 'k:[^ Z x x[2]Ti:^^ Z . 
We want to show that the quadruple (5(T), X, M) defines a stable bundle 2-gerbe. 
We first need to define a stable morphism 



of the bundle gerbe 



Such a stable morphism will correspond to a trivialisation {L^, 1 

{7r^\6{T))®7r^\6{T))r0n,\6{T)). 

Let us use the notation of Chapter 7 to denote the bundle gerbe (vrjf ^T, Trjf^Z, X'^J) 
as (T2, Z2, X^]) and the bundle gerbe {tt^^^^T, vrf Va^^Z, X^^l) as (Tg, Z3, X^^^l) and so 
on. Hence the bundle gerbe above can be rewritten in the new notation as 

(T3 ® t; ® T2 ® T*y ® (T3 ® T*). 
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We seek a trivialisation (L^, (pm) of this bundle gerbe. So will be a bundle on 

^3 Z2 Z2 Xjr Zi Xjr ^l- 

The obvious candidate for is T3 (8) T2 (8) T*. It is easy to check that this trivialises 
the bundle gcrbc. One can also check that there is a transformation a : m o (m ® 1) =^ 
mo (1 (g)m) of stable morphisms of bundle gerbes over which satisfies the coherency 
condition over 

We now define what it means for a stable bundle 2-gerbe to be trivial. 

Definition 12.2. We say that a stable bundle 2-gerbe {Q,Y, X, M) is trivial if there 
is a bundle gerbe (T, Z, X) on X and a stable morphism f ■ Q ^ 5(T) over We 
also require that there is a transformation of stable morphisms of bundle gerbe over 
X'^l as pictured in the following diagram. 




Finally we require that 9 satisfies the compatibility condition 5{9) — a with a. 

Note 12.3. This definition suggests that we could define a stable bundle 2-gerbe mor- 
phism from a stable bundle 2-gerbe (P, F, X, M) to a stable bundle 2-gerbe (Q, X, M) 
to be a stable morphism / : P — > Q from the bundle gerbe (P, F, X^^l) to the bun- 
dle gerbe (Q,^, X'^l) together with a transformation Of as pictured in the following 
diagram 

Trr^P ® n^^P TTo^P 




n^'Q ® TTg-'Q n^'Q. 

9 is required to satisfy the compatibility condition 6{9) = ap ® ag. One could then 
go further and show that any stable bundle 2-gerbe morphism was invertible up to a 
coherent 'stable bundle 2-gerbe transformation'. 

The following Lemma is not difficult to prove. 

Lemma 12.3. The class in H^{M;C^) represented by the cocycle gijki associated to 
a trivial stable bundle 2-gerbe {Q, Y, X, M) is zero. 
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Chapter 13 



The relationship of bundle 2-gerbes 
with 2-gerbes 



13.1 Simplicial gerbes and 2-gerbes 

We first recall the definition of a simplicial gerbe (see and 0). A simplicial gerbe 
is defined as follows. 

Definition 13.1 ([^, [Q). Let X = {Xp} be a simplicial manifold. A simplicial gerbe 
on X consists of the following data. 



1. A gerbe Q on Xi. We will only be interested in the case where Q has band equal 
to . 



2. A morphism of gerbes 

m-.dlQ^dlQ^dlQ 
over X2 where the di denote the face operators of X. 

3. An invertible natural transformation 6 between morphisms of gerbes over X3 as 
pictured in the following diagram 



dldlQ ® dlid^Q ® d;Q) dlidlQ ® d^Q) ® d*d*Q 



dld^Q^dldlQ 



dl{dlQ®dlQ) 



d\dlQ- 



m(gil 



dldlQ®dldlQ 



dl{dlQ®dlQ) 



■dld\Q. 



Here the equivalences of gerbes denoted by are the equivalences of gerbes 0/,^ 
of Lemma 16. 11. 



4. 6 is required to satisfy a coherency condition on X4. This is 5{9) = 1, where we 
use the notation of Note |67 
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Note that this differs from the definition of simphcial gerbe given in and |p in 
that m : (ig Q (8> Q — > (i* Q is only a morphism of gerbes, rather than an equivalence 
of gerbes. 

We also recall the definition of a 2-gerbe (see § and 0). 



Definition 13.2 ([ 

data: 



I). A 2-gerbe on a manifold M consists of the following 



1. For each open subset U G M there is an assignment of a bicategory Bu to 
U, U ^ Bu- Given another open subset V G U G M there is a restriction 
bifunctor puy : Bu By such that if we have a third open subset W with 
W G V G U G M then py.iy ° Pu,v = Pu,w- Such an assignment is called a 
pre-sheaf of bicategories on M. 

2. Various glueing laws for objects, 1-arrows and 2-arrows are required to hold. The 
glueing conditions for objects are as follows. Let U G M and let {Ui}iQi be a 
covering of U by open subsets Ui of M. Suppose we are given objects Ai in each 
Bui together with 1-arrows aij : pUi,Uij{Ai) PUj,Uij between the restrictions of 
the objects Ai,Aj to Bu^ ■ So the aij belong to Bu^ ■ Suppose also that we are 
given 2-arrows (f)ijk of Bu^^^ such that 

where o denotes the application of the composition functor in Bu^^^- We try and 
indicate this in the following diagram which lives in Bu^^^ (we abuse notation and 
omit the restriction bifunctors p). 



A,, 



il^'Pijk Ak- 



We can now construct two 2-arrows aki o ajk o Qij 
the following diagram 



an in Buijki as pictured in 



{aki o ajk) o aij 





<f>jkl°'i-a. 



aji o aij 




Oiik 



Finally we can state the glueing axiom for objects by saying that if these two 
2-arrows coincide then there is an object A belonging to Bu and a 1-arrow (3 
in }lov[i{pu,Ui{.A), Ai) which is compatible with the glueing 1-arrows aij up to a 
coherent 2- arrow in the sense of Proposition |0. 



The glueing conditions for 1-arrows and 2-arrows are as follows. For an open set 
U G M and objects Ai and A2 of Bu we require that Hom(74i, A2) is a sheaf of 
categories. Thus, given an open cover {V^jig/ of U by open sets Vi G M together 
with 1-arrows ai : Ai\vi ^2\vi in Hom(74i, y42)|vi ^^d 2-arrows (pij : ai =^ aj 
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which satisfy the cocycle condition (f)jk(f)ij = then there is a 1-arrow a in 
Hom(74i, ^42) which restricts to each aj. The glueing conditions for 2-arrows are 
handled similarly. 

Such an assignment U t— > of a pre-sheaf of bicategories to M which satisfies 
the effective descent or glueing conditions on objects, 1-arrows and 2-arrows is 
called a 2-stack or a sheaf of bicategories. 

3. For each point m G M there is an open neighbourhood U of m such that Bu is 
nonempty; that is, the set of objects of Bu is nonempty. 

4. Given an open subset U C M, any two objects Ai and A2 of Bu can be locally 
joined by a 1-arrow. That is there is a covering {f/jjjg/ of U by open sets of M 
such that there exist 1-arrows ai : pu,uA^i) ~^ Pu,u^{A2) in Bu,- 

5. We also require that 1-arrows are weakly invertible. This means that given an 
open set U G M and objects Ai and A2 of Bu together with a 1-arrow a : 
Ai A2, there exists a 1-arrow (3 : A2 ^ Ai of Bu together with 2-arrows 
(j) : P o a ^ Mai in Bu- 

6. Finally we require that all two arrows are invertible. 

We will also need to have the notion of a 2-gerbe on M bound by C^.^. This means 
that any two 1-arrows of Bu can be locally joined by a 2-arrow and for every 1-arrow 
a there is a given isomorphism ~ Aut (a) which is required to be compatible with 
restrictions to smaller open sets and is compatible with 2-arrows. There is also a notion 
of equivalence of 2-gerbes — we will not spell this out but refer instead to ^ . One can 
associate to a 2-gerbe B on M bound by a Cech three cocycle gijki in H^{M; C^,^)- 
We will not do this here and refer to and |^ for a discussion of this. There is an 
isomorphism between equivalence classes of 2-gerbes and H^{M;C^j) via this cocycle. 
As is the case for gerbes, a 2-gerbe with zero class in H^{M;C^^) is trivial precisely 
when it has a global object. For more details we refer to 0. 

Let U = {Ui}i(zj be an open cover of M such that each non-empty intersection 
UigD- ■ -nf/jp is contractible. Let ;B be a 2-gerbe on M bound by C]^j. Let Bi denote the 
restriction of B to Ui for each i G I. Since Ui is assumed contractible, the 2-gerbe Bi has 
a global object Ai say. Denote by Ailu^^ and Ajlu^j the restrictions of Ai and Aj to Uij 
respectively. We have the presheaf of categories Bij on Uij where Bij has fibre at an open 
set V C Uij Bij{V) equal to Hom(74j|y, y4j|y) (we ignore any complexities that may 
result from the objects A^lf/.^ly and Ai\v not being equal but isomorphic by a coherent 
1-arrow — otherwise we get that Bij is a fibred category (0) or a pre-sheaf of categories 
in the sense of 0). By definition of the glueing laws in B, Bij is a sheaf of categories. 
In fact, since B is bound by C^, Bij is a gerbe on Uij bound by C^- The composition 
functor m : }iom{Aj\u,^^, Ak\u,^J x Hom(A|r/,,.,, ^ilc/,,J ^ Hom(A|t/,,.,, ^fc|c/,,J gives 
rise to a morphism Bjk x Bij Bik of gerbes 'bound' by the morphism of sheaves 
'^LM ^ ^ ^M- ^^"^ show that this morphism in turn defines a morphism 

of gerbes Bjk ® Bij —>■ Bik over Uijk- The associator natural transformation in the 
bicategory Bu^ j,; then provides a natural transformation between morphisms of gerbes 
as pictured in the following diagram (we have omitted any restriction functors and 
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equivalences of gerbes that may result by passing between them for convenience): 

1 

Bki ® Bik 

It follows that we have defined a simplicial gerbe on the simplicial manifold X = {Xp} 
with Xq = Y[Ui, Xi = Y[ Uij and so on. It is not hard to construct a Cech 3-cocycle 
gijki representing a class in H^{M; C^,j) = H^{M; Z) associated to this simplicial gerbe 
(compare with Theorem 5.7 of It is also easy to see that the class in if^(M; Z) 
associated to this simplicial gerbe is equal to the class of the 2-gerbe in H^{M] %). 

This simplicial gerbe on X = {Xp\ with X^ = UUi^ H ■ ■ ■ H Ui^ is an example 
of a simplicial gerbe on the special class of simplicial manifolds formed by taking 
iterative fibre products of a surjection vr : X — > M. I had hoped to relate bundle 
2-gerbes to 2-gerbes by first showing that a bundle 2-gerbe gave rise to a simplicial 
gerbe on the simplicial manifold X = {Xp} with Xp = Xl^+^l and then showing that 
any simplicial gerbe on X gave rise to a 2-gerbe on M. Unfortunately, as noted in 
Chapter |^ (Note [6^), checking directly that the construction which associates a gerbe 
G{P) to a given bundle gerbe P commutes with equivalences of gerbes induced by 
successive tensor products and transitivity of puUbacks gets very messy and I was 
unable to produce a convincing proof that this was the case. Note that any simplicial 
gerbe Q on the simplicial manifold X = {Xp} formed by taking iterated fibre products 
of a surjection vr : X — > M admitting local sections gives rise to a 'local description' 
of a 2-gerbe as described above — ie gerbes Qij on Uij and morphisms of gerbes m : 
Qjk®Qij Qik and so on — by pulling back the simplicial gerbe on X to the simplicial 
gerbe on simplicial manifold associated to the nerve of the open cover U = {Ui} using 
the simplicial map jjUi,^ Ci ■ ■ ■ Ci Ui^ X^, {ii, ... ,ip,m) {si^{m), ... , Si^{m)). 
Hence every simplicial gerbe on X = {Xp} has a class in H'^{M; Z) associated to it. 

Let vr : X M be a surjection admitting local sections. Form the simplicial 
manifold X = {Xp} with Xp = Xt^"*"^!. Let {Q,Tn,9) be a simplicial gerbe on X. We 
define a sheaf of 2-categories S on M as follows. 

For an open set U C M, the objects of the 2-category Bu will be gerbes Tu on 
Xjj = 7r^^(f/) which 'trivialise' Q on X^K Thus an object will consist of a gerbe Tu on 
Xjj together with a morphism of gerbes rj : ttITu ® Q ^ n'^T plus an invertible natural 
transformation x as pictured in the following diagram: 

-nl-nlTu ® vrj Q ® TT* Q 1^11^1% 

X is required to satisfy the compatibility condition 5(x) = Q with the natural transfor- 
mation Q — see Note |6.3| for the notation '5'. 




■Ba. 
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Given objects (Ti, r/i, Xi) and (T2, r]2, X2) a 1-arrow (0, r^) : (Ti, r/i, Xi) ^ (T2, 772, X2) 
consists of an equivalence of gerbes (p : Ti —>■ T2 over Xjj and an invertible natural 
transformation of gerbes as pictured in the following diagram: 



7r2*r2. 



We require that r,^ satisfies ^(r^) = X2 ® xr^*^- ^ 2-arrow : (0i,r<^J =^ (02,t</,2) : 
(7i,77i,xi) — i> (T2,ri2,X2) is an invertible natural transformation 9 as pictured in the 
following diagram: 




9 is required to be compatible with r^^ and t^^ in that 6{9) = T^p^T^K Given another 
open subset V with V G U C M, there is a natural restriction 2-functor puy : iS^y 
By- It follows that we have defined a presheaf of 2-categories. In actual fact the 
assignment U Bu is a sheaf of 2-categories as we will now see. Firstly we check that 
the glueing axioms for objects are satisfied. Let U C M be an open set and let {Ui\i^j 
be a covering of U by open subsets Ui of M. Let (7^, r^j, Xi) be objects of Bu^ for z G /. 
Suppose we have 1-arrows (0jj,r0-^) : {Ti,rji,Xi) i'^jjVjjXj)^ where for convenience 
of notation we have omitted the restriction 2-functors pUi,Uij- Suppose we also have 
2-arrows : {(pjk o r^^^ o r^^J =^ {(pik, r<^,.J which satisfy the glueing condition 

9iji{9jki o id<^.^.) = 6'jfci(id0^; o 9ijk) 

of (2) in Definition |13.2| above and where id^-. is the identity 2-arrow at {(pij^r^-.)^ 
that is is the identity natural transformation from to itself. (py and 9ijk 
provide 2-descent data for the 2-stack of gerbes on Xu — see [pages 32-33] and 
also Proposition |6.5| . Consequently, there is a gerbe T on Xu which restricts to % 
on Xjj.. In other words there are equivalences of gerbes ipi : T\xi ^ % on Xi which 
are compatible with the glueing 1-arrows (pij up to a coherent natural transformation 
^ij (the coherency condition that the satisfy is C.ik{dijk ° l^^i) = ^ifc(l</.jfc We 
have to show also that the gerbe morphisms rji glue together to give a gerbe morphism 
rj : ttIT ^ Q 'K2T and similarly that the Xi glue together to give an invertible 
natural transformation x- The gerbe morphisms rji : ti\% ® Q| ^[2] '^2'^i give rise to 

i 

To] _ 

morphisms of gerbes fji : (tt^T ® Q)lx[2] ~^ (^2^)1 vf^^ ^^^^ * defined by the 




7r*r2 ® Q 
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following diagram. 



X 



[2] 



Tiir\ 



Q 



X 



[2] 



,[2] 



(Tlx 



We can define natural transformations 
the coherency conditions on r^-^ , 



ij -Vi^ Vj by fij 
and 6*4^^ one can show that fjkfij 



Because of 
fjfc. Therefore 



by Proposition |6.3| there is a morphism of gerbes r] : n^T ^ Q ^ 'K2T over X'^' and 



a natural transformation Ti : ri\ 



X, 



[2] 



r^j between the morphisms of gerbes over 



Similarly one can show that the natural transformations Xi glue together to give a 
natural transformation x which is compatible with in the required sense. 

We also have to check that the glueing conditions for 1-arrows and 2-arrows are 
satisfied. The glueing laws for 2-arrows are clearly satisfied, to show that the same 
is true for 1-arrows requires a little more work. So suppose that we have objects 
{Ti,rji, xi) and (7^, rj2, X2) of and suppose that there are 1-arrows r^J from the 
restriction of (7i, r/i, xi) to Xu^ to the restriction of 772, X2) to Xu- for an open cover 
{Ui} of U and glueing 2-arrows % : (0i,r0-) ^ [(j)j,T^^). Thus we have equivalences 



of gerbes (pi : Ti 



T^lxi and natural transformations di 



MX,. 



which 



satisfy the glueing condition Oj^Oij = Oi^. Therefore by Proposition |6.3| there is an 
equivalence of gerbes : 7^ — > 7^ over Xjj and natural transformations Ui : (j)\xi ^ <pi 
which are compatible with the 9ij. We can use the natural transformations and r^- 
to construct natural transformations fj between the morphisms of gerbes bounding the 
following diagram 




[2] 



«(^(g)ie)|^[2] 



[2]. 



Because of the coherency conditions satisfied by a, and r^- with Qij one can show that 
fi\y\^\ = ^ilv-Pl and hence there is a natural transformation r,^ : 'K\(por]x =^ r72°(7ri0®lQ) 
with T^\^[2] = fj. Again one can show that the natural transformation satisfies the 
required coherency condition with xi and X2- Thus we have shown that the assignment 
U Bu is a. sheaf of 2-categories. We have the following conjecture. 

Conjecture 13.1. The sheaf of 2-categories E described above is actually a 2-gerbe. 
Furthermore the four class of the 2-gerbe B equals the four class of the simplicial gerbe 
Q. 

Unfortunately I have been unable to give a concrete proof of this. However one 
can prove a version of this conjecture with gerbes replaced by bundle gerbes and gerbe 
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morphisms replaced by stable morphisms (bundle gerbe morphisms will not do here as 
they do not glue together properly). 

Proposition 13.1. Let {Q,Y, X, M) be a stable bundle 2-gerbe. Then there is a 2- 
gerbe Q on M bound by such that the class in H^{M; Z) of Q is equal to the class 
ofQ %n R\M;1.). 

Let U C M be an open subset of M. We define a bicategory Qu as follows. Qu has 
as objects the bundle gerbes (T, Z, Xu) on Xu such that there is a stable morphism 
/ : TTjf^T ® Q — > vr^^T of bundle gerbes over X^' and a transformation x between the 
stable morphisms of bundle gerbes over X\j as pictured in the following diagram. 

-1 f 





T. 



[31 

Therefore x is a section of the bundle B on Xjj such that 



TT 



where 



TT 



: TT^ ""^TT^ ""^Z X [3] TT-i^ X [3] TTg ""^F X [3] TTg ""^TTg ^Z ^ Xj 



[3] 



is the projection. One can show, see Chapter |T2|, that there is an isomorphism 6{B) ^ A 
of bundles over X^^\ We finally require that the induced section 6{x) of S{B) maps 
to a under this isomorphism. Given two such objects (T, /t, xt) and {S, fs, Xs) a 

1-arrow (T, fx, Xt) {S, fs, Xs) consists of a stable morphism g : T S and a 

[21 

transformation ag between the stable morphisms of bundle gerbes over Xjj as pictured 
in the following diagram: 




^2 ^9 



TT 



We also require that Og satisfies the coherency condition 6{ag) = Xt ® X*s o'^^r X^^\ 
Finally a 2-arrow : {g, ag) =^ {h, au) '■ (T, fx, Xt) — {S, fs, Xs) is a transformation 
9 : g ^ h between stable morphisms of bundle gerbes over Xu which satisfies the 
coherency condition 5{9) = ag® cx\ over X^^\ By Proposition |3l^ , Qu is a bicategory. 
The proof that U ^ Bu is a sheaf of 2-categories given above carries through to the 
case of bundle gerbes and stable morphisms (although now Q is a sheaf of bicategories) . 
Therefore we have only have to show that the sheaf of bicategories Q is (i) locally non- 
empty, (ii) any two objects of Qu may locally be joined by a 1-arrow, (iii) 1-arrows are 
weakly invertible and (iv) 2-arrows are invertible. 
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Proof. We first prove that the sheaf of bicategories Q is locally non-empty. Choose 
an open cover U = {Ui}i^j of M such that there exist local sections Si : Ui X 
of IT : X ^ M. Form the maps Sj : Xj — * X'^l sending x G Xj to {x, Si{7i{x))). 
Let Qi = s~^Q. So Qi = {Qi,Yi,Xi) is a bundle gerbe on Xj. Now puUback the 
stable morphism m : tt^^Q ^ tt^^Q 'n'2^Q using the map 

(xi, 0:2, 'Si(m)) where m = tt{xi) = tt{x2)- Let /j denote this pullback stable morphism 
fi : TCi^Qi Q ^ T^2^Qi- To construct a transformation Xj : vr^Vi ° (lyr-V-^Qi ® 
m) ^ TTg^^/j ° (^r^/« ® ^Trr^Q) pullback the transformation using the map 

xf'^ — > XM, (a;i,a;2,X3) 1—^ {xi,X2,X3, Si{m)) where again m = tt{xi) = 7r{x2) = Trix^). 
The coherency condition 6{a) = 1 satisfied by a ensures that 6{xi) = a- Therefore 
for each i G / we have constructed objects {Qi,fi,Xi) of Qui- Therefore Q is locally 
non-empty. 

We now show that Q is locally connected. Let (T, /, x) and {S, g, p) be objects 
of Qu- So T and S are bundle gerbes (T,Z,X) and {S,W,X). We need to show 
that at least locally on U these two objects are connected by a 1-arrow. We have 
stable morphisms / : n^-^T ® Q ^ t^2^T and g : tx^'^S ® Q ^ '^2^3 corresponding 
to trivialisations (Lj,0j) and {Lg,(j)g) of the bundle gerbes {tti ® QY (g) n^^T and 
(vrf ^5* (g) Q)* ® TTa'^S' respectively. Form the bundle gerbe {tc^^S* O T))* (g) 7r2'^(5'* (g) 
T) (Q* (8 Q). This is triviahsed by the C bundle Lf®L*g which hves over V x^Y^^\ 
where 

\/ = 7rf^(Z Ty) Ti-\Z x^ Ty). 

Consider the bundle L = Lf (E) L* ^ Q* which lives over V" x^ yl^l. One can show 

that there is a section of (5y[2] (L) satisfying the coherency condition Sym (0) =1-0 
corresponds to the isomorphism given fibrewise by composition 

Lfiz,yi,z') ® L*g{w,y2,w') ®Q*{yi,y2) 

- Lf{z,yi,z') (g) L*g{w,y2,w') ® Q* (2/1, 2/3) ® <5*(2/3, 2/4) ®Q* (2/4, 2/2) 

- Lf{z,ys,z') (g) L*g{w,y2,w) ® Qiy2,yi) ® Q* (1/3,2/4) 

- Lf{z,y3,z') (g) L*g{w,y4,w') (g (2/3, 2/4)- 

One can show this isomorphism satisfies a coherency condition given a third point 
{z, z ,w,w , 2/5, ye) of \^ Xtt yl^l lying in the same fibre as the points {z, z ,w,w , 2/1,2/2) 
and {z,z ,w,w ,2/352/4)- Therefore by Lemma |3.2| L descends to a bundle L on 



V and it is not difficult to show that L trivialises the bundle gerbe ^^^{S* iS) T)* 
112^ {S* (gT) over V^'^'. Therefore the trivialisation L corresponds to a stable morphism 
h : TT^\S* ®T) ^ 7^2\S* (g T). One can also show that there is a transformation 
6 : Tx^^^h o n^^h =^ 7^2 '^h satisfying the coherency condition S{9) = 1. We will omit 
the proof of this as the calculation gets rather messy. The calculation exploits the fact 
that the transformations x and p satisfy 6{x) = 1 and 5{p) = a and so 5(x®P*) = 1 in 
a sense one has to make precise. Therefore we can apply Proposition |6.71 to conclude 
there is a bundle gerbe (P, Xp, U) on U and a stable morphism rj : tt^^P —>■ S* ^ T 
over Xu corresponding to a trivialisation {Lri,(f)ri)- There is also a transformation 
: o 7rf ^ry =^ 7r^^?7 compatible with -0. By shrinking U if necessary, we may assume 
that the bundle gerbe P is trivial — say P ^ S{J). Therefore S** T is trivial as well. 
In fact, if one considers the bundle vr^^ J* (g) on 7r~^Xp x^W x^ Z then one can 
show that there is a coherent section of ^tt-ixpItt^^ J* (g L^) and hence 7i~^J* (g 
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descends to a bundle Lj. on W Z . One can also show that there is a trivialisation 
(pk '■ S{Lk) ^ S* ®T. So we have a stable morphism k : S ^ T. As well, one can show 
that the transformations ^ give rise to transformations ■ T^2^kog =^ fo(^7i^^k®l) and 
which satisfy the compatibility condition with x cind p. Therefore {k,ak) '■ {S,g,p) 
[T, f, x) is a 1-arrow. So Q is locally connected. 

Since the bicategory of bundle gerbes and stable morphisms is a bigroupoid (Propo- 
sition |3.9|) , all 1-arrows of Q are coherently invertible and all 2-arrows of Q are invert- 
ible. 

We now have to show that the 2-gerbe Q is bound by the sheaf of abelian groups C'^^. 
For this, we first need to show that any two 1-arrows can be locally connected by a 2- 
arrow. So let (5, g, p) and (T, /, x) be objects of Qu joined by 1-arrows (/i, ah), {k, ak) : 
{S,g,p) {T,f,x)- So h and k correspond to triviahsations {Lh,4>h) and {Lk,(pk) 
respectively of S* ® T. Therefore there is a bundle D on Xjj such that Lh — 
Lk ® n'^D. It is easy to check that at and provide a section ak (S> of the 
bundle 6{D) over X^K The coherency conditions satisfied by ah and ak ensure that 
S{ak ® al) = 1 and hence by Lemma |3]l| the bundle D descends to a bundle D 
on U. By shrinking U if necessary we may assume that D is trivial. Hence there is a 
section of D which lifts to a section 6 of D which is compatible with ® a^. In other 
words, ^ is a 2-arrow {h, ah) =^ {k, a^)- In a similar way one can show that for a given 

1- arrow {h, ah) the sheaf of 2-arrows {h, ah) ^ {h, ah) is isomorphic to C'^^ and that 
this isomorphism is natural with respect to composition of 2-arrows. Therefore Q is a 

2- gerbe on M bound by C^j. 

If one calculates the Cech cocycle gijki representing the class of Q in H^{M;C^) 
then it is not hard to show that gijki represents the same class as the four class of the 
stable bundle 2-gerbe Q. □ 

As a consequence of this Proposition we have the following corollary: 

Corollary 13.1. A stable bundle 2-gerbe {Q, Y, X, M) has zero class in H^{M] Z) pre- 
cisely when it is trivial. 



Proof. We have already seen (Lemma [12. 3| ) that a trivial stable bundle 2-gerbe has 



zero class in if^(M;Z). Conversely, given a stable bundle 2-gerbe with zero class in 
H^{M : Z), the associated 2-gerbe also has zero class in H'^{M;Z) and hence has a 
global object. This global object trivialises the stable bundle 2-gerbe Q. □ 

Let {Q,Y, X, M) be a stable bundle 2-gerbe. We can form a new stable bundle 
2-gerbe {Q*, Y, X, M) from Q which we could think of as the 'dual' of Q by letting the 
bundle gerbe (Q*, F, Xl^l) be the dual of the bundle gerbe (Q, Y, X^l). So the bundle 
Q* — > y[^l is Q with the action of changed to its inverse. It is clear that the stable 
morphism m : tTi^Q'^ti^'^Q — >■ tt^^Q induces a stable morphism m* : tIi^Q*<S)TI^'^Q* — »• 
TT^^Q* and it is not difficult to show m* satisfies the requirements of Definition [7.4[ 
It is also not difficult to show that the four class of the stable bundle 2-gerbe Q* is 
the negative of the four class of the stable bundle 2-gerbe Q. Similarly, given stable 
bundle 2-gerbes (Qi, Yi, Xi, M) and {Q2, Y2, X2, M) there is a notion of their product. 
This is the stable bundle 2-gerbe (Qi Q2,Yi2, X12, M) where X12 = Xi Xm ^2, 

Yu = {p?)-'Yi x^pi {p^?)-'Y2 (here pi : Xi Xm X2 ^ X, and p2 : Xi Xm X2 X2 

^12 

denote the projections on the ffist and second factors respectively). Qi ® Q2 is the 
bundle on y}^ given by {qfY'Qi ® {q?Y'Q2 where now qi : 

y|] ^ 1 and 
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q2 '■ Y{2 ^2 projections on the first and second factors respectively. Again 

it is not difficult to show that Qi ® Q2 is a stable bundle 2-gerbe and that the four 
class of Qi ® Q2 is the sum of the four classes of the stable bundle 2-gerbes Qi and Q2- 
Let us now apply the preceding discussion to the following situation. Suppose we 
are given stable bundle 2-gerbes (Qi, Yi, Xi, M) and (Q2, ^2, -^2, ^) with four classes 
DiiQi) and D4^{Q2) respectively. Suppose moreover that D4^{Qi) = Di{Q2). Form 
the stable bundle 2-gerbe Qi ® Q*2- Then by the above discussion D/i{Qi ® Q2) = 
0. Therefore by the corollary above Qi ® Q2 is trivial. Hence there is a bundle 
gerbe {T,Z, X12) on X12 and a stable morphism f '■ Qi ® Q2 ^ ^(^) satisfying the 
requirements of Definition |12.2| . Therefore / induces a stable bundle 2-gerbe morphism 



(see Note |12.3|) Qi®Q*2®Q2 ^ 5(T)®Q2. The stable bundle 2-gerbe QI0Q2 can then 
be written as S{T ) and so we have a stable bundle 2-gerbe morphism Qi ® S{T ) — > 
Q2 ® S{T). It should then be the case that this notion of 'stable 2-isomorphism' for 
stable bundle 2-gerbes introduces an equivalence relation on the set of all stable bundle 
2-gerbes on M. Since every class in H^{M\ Z) appears as the four class of some stable 
bundle 2-gerbe (for example the stable bundle 2-gerbe arising from the strict bundle 2- 



gerbe associated to the BBC^ bundle with the four class in question — see Section |9.1| ) 
this leads us to the following result which we will state as a conjecture since we have 
not given a definite proof. 

Conjecture 13.2. There is a bijection between the set of all stable 2-isomorphism 
classes of stable bundle 2-gerbes on M and H'^{M; Z). 
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